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1 Introduction

This work is largely built off of the work of [ ]. The goal of their paper was to build a Markov chain on st-paths
on a given graph G, in order to find the shortest path from vertex s to vertex . They cite the fact that the shortest
st-path problem is computationally difficult, and hence they wish to find an algorithm for finding the shortest sz-path
using a probabilistic approach.

We analyzed their work and use a computational and graph theoretic approach to better their algorithm. [ ]
introduced two distinct Markov chains. While both focused on s¢-paths on planar graphs, the first is applicable to any
planar graph and the second only works for 2-D lattice graphs. They only make concrete statements about the second
Markov chain while conjecturing about the first. We explore both to see if we can draw any conclusions of our own.

Furthermore, an important observation about both Markov chains, is that the probability of going from one path to
another depends on the planar embedding that is used. We wish to explore this further to see if there is an optimal
embedding that should be used.

2 Graph Theory Definitions

Definition 1: A graph is a collection of vertices (nodes) and edges (lines between vertices).

Definition 2: A simple graph is a graph where the edges are incident to exactly two distinct vertices and are non-
directional.

Definition 3: A directed graph is a graph where edges are incident to exactly two (not necessarily distinct) vertices
and are directional.

The distinctions made above on the type of graph that we are interacting with is very important. In order to go from
one type of graph to another while maintaining some form of graphical topology we introduce the following function:

Definition 4: The simplification function denoted Y takes a directed graph, keeps the vertices the same, but then turns
all directed edges to non-directed edges (if multi-edges occur because of this, it keeps only one edge out of the lot)
and removes any loops present.

Definition 5: A homomorphism from graph G = (V,E) to graph H = (V',E’) is a tuple of functions h = (hy,hg)
where hy 1V — V' and hg : E — E' such that if {a,b} € E then hg({a,b}) = {hv(a),h,(b)} € E'.

Definition 6: We call a graph homomorphism 4 = (hy,hg) a graph isomorphism if iy and hg are bijections.

Definition 7: Let G = (V, E) be a graph. A sequence of vertices {v,va,...,v,} such that forall 1 <i<n, {v;,viy1} €
E, is called a walk in G starting at v; and ending in v,,.

Definition 8: Let r = {vy,...,v, } be a walk in the graph G. We define the length of ¢ to be |x| :=n—1.
Definition 9: Let G = (V,E) be a graph. A path is a walk {vi,...,v,} such thatv; #v; forall 1 <i# j<n.
Definition 10: Let ¢ be a path in G. If ¢ starts with the vertex s and ends with the vertex ¢, then we call ¢ an st-path.

For the rest of this section, suppose G = (V, E) is a simple graph.

Definition 11: G is connected if for every u,v € V there exists a uv-path in G. On the other hand, a graph is discon-
nected if it is not connected.
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Definition 12: For a vertex v € V we define vertex deletion to be the action of making the new graph G —v := (V' E’)
where V/:=V\{v} and E' := E\ {{u,w} € E :u# v and w # v}. Similarly we define vertex set deletion by S C V to
be the action of deleting all the vertices of S from G. This new graph is denoted by G —S.

Definition 13: A proper subset S C V is a (vertex) cut set if G — S is a disconnected graph.
Definition 14: The connectivity of G, denoted by k(G), is the cardinality of the minimal cut set of G.

Definition 15: For k € N we say that G is k-connected if k < k(G).

3 Spherical Topology

For our purposes we need to be able to talk about points in R? in terms of spherical coordinates. It is well known that
any point in R3 can be represented by the cartesian coordinates x,y,z € R, and any point in R3 can also be represented
by the spherical coordinates 8, ¢ and ». Where 6 € [0, 7] is the the angle between the positive z-axis, the origin,
and our point, ¢ € [0,27) is the counter-clockwise rotation angle from the positive x-axis, the origin, and our points
projection onto the z = 0 plane, and r € R>¢ is the distance from the origin to our point.

Even though this method of substitution was sufficient for calculus, it will not be sufficient for our purposes. This
is due to the fact that there is no bijection between R* and [0, 7] x [0,27) x R>, namely at the origin and along the
z-axis there is an infinite number of ways to represent our points in R3 via spherical coordinates.

Definition 16: We define the spherical coordinate region as
R := (0,7) x [0,27) x RogU{0} x {0} x RsoU{m} x {0}R-¢ C R

We will show that R will identify a one-to-one correspondence with R? through the spherical coordinates that we like
to think.

Remark 17: Even though we will show that R will identify spherical coordinates and R? in a bijective way, R is not
the only subset that does so.

Theorem 18: There exists a bijection between R and R.

Proof: As mentioned above, it is well known that the function
f:10,7] x [0,27) x R>g — R3

such that
(8,0,r) — (rsin(0)cos(¢),rsin(0)sin(¢),rcos(6))

is the correspondence between polar and cartesian coordinates. Hence we know that f is a surjective function.
However it is not injective across the z-axis. In particular, we know that

(2) V 61,65 € [0,7], 61, 62 € [0,27), we have
f(61,91,0) = (0,0,0) = f(62,¢2,0)
(b) ¥ 91,62 € [0,27), 7 € [0,00) we have
J(0,01,r) =(0,0,r) = £(0,¢2,r)
(© V1,02 € [0,27),r € [0,0) we have
f(m¢1,7) = (0,0,—r) = f(7,2,7)
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Furthermore, we know that these are the only non-injective points for our function f. Hence, if we restrict our
domain, we can get a bijective function. Note that on (0,7) x [0,27) X (0,0), f is injective. Now, we know
that for r € (0,e0), the preimage of (0,0,r) is {0} x [0,27) x {r}. As such, for all r € (0,0), we restrict the
domain of f such that the pre-image of (0,0, r) is only {0} x {0} x {r}. Hence, our new function is no longer
defined on {0} x (0,27) x {r}. Doing a similar action for the pre-image of the vector (0,0, —r), we see that
our function is no longer defined on {7} x (0,27) x {r} for all r € (0, ). Lastly, note that the pre-image of the
vector (0,0,0) is [0, 7] x [0,27) x {0}. Again, we restrict our new function’s domain such that (0,0,0) only has
preimage {0} x {0} x {0}. Hence our new function is not defined on (0, 7] x (0,27) x {0}. Note that we have
made all the points along the z-axis have a singleton as a pre-image, making the new function injective on its
full domain. Thus, we conclude that the function g : R — R3 such that

(0,¢,r)— (rsin(0)cos(¢),rsin(0)sin(¢),rcos(0))
is a bijective function between (R and R>. ]

Definition 19: We define the functions A : R* — [0, 7], B: R* — [0,27), and C : R* — R such that

arctan(vxzzﬂz> ifz>0
2142
Alx,y,2) = 7r+arctan< A ) ifz<0

z ifz=0,x#0andy#0
0 ifx=y=z=0
arctan()y—c) ifx>0
arctan(2) + 7 ifx<Oandy>0
arctan(Y) — 7 ifx<Oandy <0
B(x,y,z): (x) y

ifx=0andy>0
ifx=0andy <0
ifx=y=0

S gl

Cloy2) = Va2 +y* +22

Theorem 20: The function from R? — R such that (x,y,z) — (A(x,y,2),B(x,y,2),C(x,y,2)) is g~ L.

Proof: By construction. u
Definition 21: We denote the unital spherical coordinate region by
8 == ((0,7) x (0,27)) U ([0, 7] x {0}) C R?
We also denote the unit sphere in R by S2. Lastly, for both sets we donte

8= 8\{(0,0)} §2 =52\ {(0,0,1)}

Remark 22: The function g implies a bijection between & and S2, where each r input for g has value 1. By abuse of
notation we denote the function from § to S such that (6, ¢) — g(6,¢,1) = (sin(0)cos(¢),sin(8)sin(¢),cos(0)) by
8.
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Note that we have now found a way to talk about points in S by only two variables. Even more, note that there is
an inherent topology on S2. But this topology is different than the Euclidean topology of R3. Let us try to be more
precise about this.

Definition 23: We define the function d: & x & — R such that

d((61,91),(62,¢2)) = arccos(sin(6 ) sin(6,) cos(@; — ¢2) + cos(0;) cos(6,))
Definition 24: We define the function d: $*> — % — R such that
d = arccos(V-w) = arccos((V,w))

where ( , ) is the Euclidean inner product (i.e. the dot product).

The reason we define d and d is because they both are defining a notion of distance on the unit sphere by walking along
the surface of the sphere. Where d works with points directly in the third dimension, d is the simpler version of it
which only deals with two variables. We can be more precise about the connection between d and d via the following
lemma.

Forall v,w € 8, d(V,w) =d(g(V,w)).

Proof: Let (61,91),(62,¢2) € S and consider the following:

) ) sin(6;) cos(¢y) sin(62) cos(¢2)
d(g(61,01),8(0:,0,)) =d sin(6)sin(¢1) | , | sin(62)sin(¢»)
cos(6;) cos(6,)

= arccos(sin(60;) cos(¢ ) sin(6,) cos(¢,) + sin(0;) sin(¢@; ) sin(6,) sin(@) + cos(0;) cos(6,))
= arccos(sin(0;) sin(602) (cos(P;) cos(¢a) + sin(@;) sin(¢2)) + cos(6;) cos(6,))

= arccos(sin(60;) sin(6,) cos(¢; — ¢2) +cos(6;) cos(6,))
)

=d((61,91),(62,9))
|

Remark 26: Thus, since g is a bijection, we know that for all ¥, € §%,d(g~"(¥),¢~' (%)) = d(¥,). In other words,
if we consider & and S to be the same object, d = d.

Theorem 27: d is a metric on &.
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Proof: LetV=(01,¢1),w=(62,¢2) €S and consider d(¥,w). By definition we know that d(V,w) € Im(arccos) = [0, 7].
Hence we know that d(V,w) > 0. Furthermore, note that we have the following:

d(v,w) = d(g(v),8()) (by Lemma 25)

Hence we know that d is symmetric.
By abuse of notation let V- w := cos(d(V,W)).

Now, suppose that v = w. We separate this supposition into three cases:

Case 1: Suppose 6; = 6, and ¢; # ¢». Then we have

V-w =sin(0;)sin(6,) cos(¢ — @) + cos(6;) cos(6)
= sin?(6;) cos(¢; — @) + cos?(6;)
= sin?(6;) cos(; — @) + 1 —sin?(6;)
= sin®(6;)(cos(¢; — ¢p) — 1) +1
Since 6 € [0,7] we know that 0 < sin?(8;) < 1. As such we know that ¥ < cos(¢; — ¢). Now,
since @1, ¢ € [0,27), we know that cos(¢; — ¢») = 1 if and only if ¢; = ¢ which is not allowed by

the definition of &. Hence V---w < 1. Consequently, from this inequality and the fact that arccos is a
monotinically decreasing function, we conclude that d(V,w) = arccos(V-w) > arccos(1) = 0.

Case 2: Suppose 6] # 6, and ¢; = ¢». Note that we have

sin(0; ) sin(61) cos(@; — @2) + cos(6;) cos(62)
sin(0;)sin(6,) cos(0) 4 cos(6;)cos(6,)
sin(6;)sin(6>) 4-cos(6;)cos(6,)

cos(0; — 6,)

T

By similar reasoning as in Case 1 we conclude that V- w < 1, which implies d(V,w) > 0.

Case 3: Suppose 0] # 6, and ¢; # ¢,. Note that by the reasons in Case 1 we know that cos(¢; — ¢») < 1. As such

we know that
V-w < sin(0;)sin(6:) +cos(6;) cos(02) = cos(6; — 6,)

Again, we know that cos(0; — 62) < 1 as such, we also know that d(V,w) > 0
Note that we have shown that if ¥ # w, then d(¥,w) > 0.

Now, all that is left to show is that d satisfies the triangle inequality. Let i = (0y,¢;),V = (62, ¢2),w = (63, 03),

definition we know that
COS(dxy) = <)?,)7>, Cos(dyz) = <)_;>z>7 COS(de) = <}az>

where ( , ) is the Euclidean inner product.

Now, let ¢ be the normalized vector of the othogonal component of X onto y. In other words, let

q: e X P?()?)
=y ¢ @)
Note that we have: <_,_.> (d ) (d )
¥xX) cos(dy) _ cos(dyy)
P = ooy = — 5= = cos(dyy)§
W =555~ costdy)))  cos(0) ()
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Furthermore, note that we have the following:
[1¥ = Py(¥)]| = [1¥ — cos(duy )|
= \/ X —cos(dyy )y, X — cos(dyy)y)
= \J(5.3) — cos(dy) (%.3) — cos(diy) (7.7) + cos?(duy) (7.5)
= /11— c08(diy) (%.53) — c08(dyy ) (F.5) +cos* (dsy)

= \/1 — c08(dyy) €08 (dyy) — c08(dyy) c08(dyy) + c0os?(dyy)

1 —cos?(dyy)
= sin(d,y)

Thus we conclude that

1
sin(dyy)

qdg= (X —cos(dyy)y) = X = sin(dxy )G + cos(dxy)y

By replacing X with 7 we also arrive at
Z=sin(dy;)7 + cos(dy, )y

where 7 is the normalized vector of the orthogonal component of 7 onto y.

It is important to note that since § and 7 are normalized vectors, we know that §,7 € S2. Hence we know that
(g,7) = cos(d(q,7)) = —1.
With this information we are ready to take a look at

d(ii,w) = d(%,7) = arccos((¥,7))
Let us focus on the inner product. Note that we have the following:

(X,2) = (sin(dxy)G + cos(dyy ), sin(dye )7 + cos(dyz )y >
(dx )sm( yz) (g,7) + Sln(dZ) cos( yz)@ y)+ (d ) sin(d ), 7) + Cos(dxy) Cos(dyz) (.5
sin(dxy) sin(dz) (4, 7) + cos(duy) cos(dyz ) (¥, >
sm(dx,,) sin(dy;)(q,7) + cos(dyy) cos(d,;)
08(dxy) cos(dy;) — sin(dyy) sin(dy;)
cos(dyy +dy:)
Note that if dy, +d,, < 7, then arccos(cos(dyy, +dy;)) = dyy+dy.. As such we would have d (i, w) < arccos(cos(dy,+
dy;)) = dyy+d,, = d(ii,V) +d(V,w) which is what we want.

On the other hand, if dy, +d,; > , then we have d(ii,w) < 7 < dy, +dy; = d (i, V) +d(V,w) which is what we
want.

= sin

b

| \/

Thus, we conclude that d satisfies the triangle inequality. Hence, we know that d is a metric on &. |

Corollary 28: d is a metric on S

Proof: This follows from the fact that through the function g, d and d commute on & and $2.
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Now that we have a metric on & and S? we can start talking about the topology of the unit sphere. In particular the
induced topology by the metric d.

The last idea that we will cover in this section is the idea of projecting a sphere onto a plane. This projection is not
a linear projection, but rather the projection of the (unit) sphere onto the plane by removing the topmost point, and
associating points on the sphere with points on the plane via the line that passes through the original point and the
topmost point of the sphere.

Figure 1: This figure is showing $? in red along with its intersection with the z = 0 plane, and the z = —1 plane in
cyan. The figure also shows how the bottom blue point is getting projected onto the z = —1 plane via the line going
through the point and the top of S2.

Definition 29: We define p : 8 — R? such that for v = (8,¢) € Sx

—2sin(0)cos(¢) .
o | Teoso)—1 | _ =2 [sin(6)cos(¢)
p(v) = [2““((?)“()1 ~ cos(9)—1 [sin(@)sin(q))

Ccos

Remark 30: Note that
p(V) = P, 2, (g(V))

where Pz, ) is the projection map onto span{éi,é;}.

Definition 31: We define jp : S — P:= {(a,b,—1) € R3|a,b € R} such that for z = g(0,¢) € S% we have

sin(6)sin(¢) | — | =2sin(®)sin(9)
cos(0)—1
1

cos(0)

Remark 32: Note that if ¥ = (6,¢) = ¢! (2) for Z € %, then p(¥) = Pz, 5} (F(2)). As such we have the following
commuting diagram:
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and note that in this case P and R? have a 1-to-1 correspondence through Pz, ) Where P{_E}.Ez} : R? — P is definied
such that (x,y) — (x,y,—1).

Definition 33: For a given point v = (8, ¢) € § we define the ¥ rotation as the function, Ry which takes S? and rotates
it such that ¥ becomes the new top of S2. Explicitly, Ry : & — & such that Ry(w) = g~ (R,R,g(W)) where

cos(—¢) —sin(—¢) O cos(—0) 0 sin(—0)
R, = |sin(—¢) cos(—¢) O and R, = 0 1 0
0 0 1 —sin(—0) 0 cos(—0)

Remark 34: By simple computations, if V= (6;,¢;) € § and w = (6,, ¢») € § we know have the following:

cos(0;)sin(6;) cos(@ — @1) — sin(6; ) cos(6)
RyR.g(w) = sin(6,) sin(¢2 — 1)
sin(0;) sin(62) cos(¢2 — @1 ) + cos(0; ) cos(6)

Definition 35: We define the projection through v of the unital sphere to the plane to be the function 33 = poR;.

4 Abstract Graph Theory

The key ideas behind this and the next section come from the lecture notes [ ]. With the understanding of both
basic graph theory, spherical topology, and the connection between spherical topology and R?, we can now approach
abstract graphs. After we have done so, we will have all the necessary tools to talk about graph embeddings and how
to find all distinct graph embeddings.

Definition 36: We define an abstract graph to be a quadruple (V,D,rev,head), where

* V is a non-empty set. Elements of this set are called vertices.
* Dis a non-empty set. Elements of this set are called darts.

* rev:D — D is an involution with no stationary points (i.e. rev(rev(d)) = d # rev(d) for all d € D). We call
rev the reversal function of the abstract graph. Sometimes we denote rev(d) by —d.

* head: D — V is function. We call this function the head function of the abstract graph.
We denote an abstract graph typically by a capital letter, mainly the letter G.

Definition 37: Given an abstract graph G = (V,D, rev,head) we define the tail function to be tail : D — V such that
tail =headorev.

Definition 38: For an abstract graph G = (V,D,rev,head) we define an edge of G to be an unordered set of the form
{d,rev(d)} for some d € D. We denote the set of edges of G by E or by E(G) when the context requires it.

For a particular dart d € D we define the associated edge of d to be |d| := {d,rev(d)}.

For a particular edge e € E we denote the edge by arbitrary choosing one of its darts to be ¢~ and the other to be ™

(i.e. e={e ,e"} where e ,et € Dand e™ =rev(e)).

Remark 39: Note that we may simply refer to the abstract graph via its vertices and edges instead of the vertices,
darts, reverse function, and head function. Furthermore, note that by considering this, we also get the definition of a
graph homomorphism and graph isomorphism on abstract graphs. But it will not be explicitly stated here.
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Example 40: Consider the abstract graph G = (V, D, rev,head) where

V = {Alice, Bob, Eve}

D: {a,b,c,d,e,f}
e rev:D—Dsuchthata— b,c—d,e— f

* head: D — V such that a — Alice, b — Eve ¢ — Bob, d — Alice, e — Eve, f +— Bob.

Note that keeping track of darts we have defined the following graph:

Alice

N\
a

Bob Eve

However, since it is not specified in our interpretation that head refers to where the directed edge starts or terminates.
Hence we also have the interpretation:

Alice

N\
Va

Bob Eve

That is why we have the simple interpretation of the graph G as being:

Alice

{ed} {a,b}

N
/i

B E
ob o ve

Definition 41: We define a topological graph to be the quotient of disjoint unions of closed intervals by an equivalence
relation of the end points. We denote this space typically by GT

Example 42: We can consider the disjoint unions [0, 1] L [2,3] U [4,5] L [6,7] L/ [8,9] and our equivalence relation
relating 0 ~ 2,3~ 5,6~ 7,0~ 8, 1 ~ 9 extended in an equivalence way. Denote this quotient space by G .

In this case we see thattous 0=2=28,1=9,3 =35, 6 = 7. Hence we have five vertices [0]~,[1]~,[3]~, [4]~,[6]~.
These will be our vertices.

The edges of the graph are the intervals in the disjoint union, but now with the equivalence relation of the end points.
In this case our edges are the intervals [0, 1], [2,3],[4,5],[6,7],[8,9].

Note that the topological space that we have made is no longer Hausdorff due to the fact that 0,2 € GT and 0 # 2,
however these two distinct points are not disjoint by neighborhoods. Either way the graph that we have made is the
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following:

1. o 3]
ol
6.7
.

Remark 43: Note that both an abstract graph and a topological graph are not graphs in the sense that we discussed in
Section 2, but rather an abstract object which can be interpreted as a graph. In our interpretations we do not exclude
the possibility of multi-edges or loops, but we will not be working with them much for the purposes of this paper.
Furthermore, since there is this distinction between darts and edges, when we are looking at a graph made up of
vertices and edges, it is automatically undirected.

Remark 44: It should be clear in the fact that we can turn any abstract graph into a topological graph and vice versa.
Now that we have the abstract and topological ways to represent a graph, we would like to find a way to represent
graphs visually.

Definition 45: Let GT = | |; [n;,n;11]/ ~ be a topological graph. Let V be the endpoints of the intervals {[n;,n;11]}
under the equivalence ~. Furthermore, let E be the set of distinct intervals. An embedding function of G’ onto the
plane is a tuple of functions & = (8y,&g) where

& :V—R? and & E — P(R?)

where % (IR?) is the power set, such that for any v € V, &y (v) is a point in the plane, and if [u, w] € E then &g ([u, w])
is a smooth curve in R? of finite length between the points &y ([u]~) and &y ([w]-).

We call the resulting tuple (&y (V),Eg(E)) an embedding of G onto the plane via the embedding function &.
Definition 46: Let GT = | |; [n;,n;11]/ ~ be a topological graph. Let V be the endpoints of the intervals {[n;,n;11]}

under the equivalence ~. Furthermore, let E be the set of distinct intervals. An embedding function of G" onto the
(unit) sphere is a tuple of functions & = (&y, ) where

&V — 82 and gE:E—>50(S2)

where 2 ($?) is the power set, such that for any v € V, &y (v) is a point in the unital sphere, and if {u,w} € E then
8r ({u,e}) is a smooth curve in S? of finite length between the points &y (u) and &y (w).

We call the resulting tuple (& (V),8¢(E)) an embedding of GT onto the (unit) sphere via the embedding function &.

Remark 47: By the fact that any abstract graph can be represented by a topological graph, we can also talk about the
embeddings of G (the abstract graph) into the plane or the sphere.

Definition 48: If we do not wish to specify if & is an embedding function to the plane or to the sphere we will simply
call it an embedding function.

Definition 49: Given an embedding function, &, of the abstract graph G we call the set of pre-compositions by iso-
morphisms of G an non-labeled embedding function. Usually we denote this embedding by &. i.e. we have the
following:

&= (8g,8k)
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where B
&g ={8goA|A : G — G is a graph isomorphism}

and
&y = {Ev oAl : G — G is a graph isomorphism}

Remark 50: Note that it can be shown that pre-composition creates an equivalence class of embeddings through
making the vertices non-labeled in the embedding. Because now, any two labeling on the embedded vertices are
equivalent through the relabeling isomorphism on G its self.

Example 51: Now that we have the many interpretations of a graph. It is good to stop and take a look at an example.
The one I have chosen is the famous Petersen Graph.

The Petersen Graph can be described as an abstract graph via P = (V,D, rev,head) where

v ={0,1,2,3,4,5,6,7,8,9},

D= {(0,1),(0,4),(0,5),(1,0),(1,2),(1,6),(2,1),(2,3),(2,7),(3,2),(3,4),(3,8),(4,0), (4,3), (4,9),
(5,0),(5,7),(5,8),(6,1),(6,8),(6,9),(7,2),(7,5),(7,9),(8,3),(8,6),(8,9),(9,4),(9,6), (9,7},

* rev:D — D such that rev(a,b) = (b,a) for any (a,b) € D, and

* head : D — V such that head(a,b) = b for any (a,b) € D.

Similarly, the Petersen Graph can be represented via just vertices and edges, P = (V,E) where

*+ Vv={0,1,2,3,4,5,6,7,8,9},
© £={{0,1},{1,2},{2,3},{3,4},{4,0},{0,5}, {1,6},{2,7},{3,8},{4,9},{5,7},{6,8},{7,9},{8,5},{9,6}}

Furthermore, the Petersen Graph can be described as a topological graph via

Pl =0,1]U[2,3]U[4,5]---11[28,29]/ ~

where
0=9=10, 11=20=27,
1=2=12, 13=22=29,
3=4=14, 15=21=24,
5=6=16, 17=23=26,
7=8=18, 19=25=28,
under ~.

And lastly we can consider the following non-labeled embeddings of the Petersen Graph onto the plane:
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T g 66

Figure 2: §; Figure 4: &3
Figure 3: &

Note that m = m but m #+ @ However, 8; a&i & are still distinct non-labeled embeddings. More importantly,
even though the embedding of P onto the plane via &; and &3 look completely different, they are both still representing
the same graph. However, the embedding via & is probably the most famous one.

And lastly, we have can have the following embeddings of P onto the sphere:

Figure 5: & Figure 6: &5

5 Planar Graph Embeddings

Finally, we are able to talk about the theory which is a result of the past three sections of this document. Planar Graphs
and their embeddings. How can we find all possible embeddings of a planar graph?

Definition 52: We say that a graph is planar on the plane if it has an embedding onto the plane such that no two edges
have non-trivial intersection.

Definition 53: We say that a graph is planar on the sphere if it has an embedding onto the plane such that no two edges
have non-trivial intersection.

Remark 54: In this case “non-trivial” mean not at a vertex point.

The reason that we have the two different ways of approaching graph embeddings, is because they are almost the same
but not exactly. Even though embeddings on the plane are the most common for graph theory perspectives, it will be
relavent in later section to consider the embeddings on the sphere as it tends to be easier to work with.
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Theorem 55: A graph is planar on the plane if and only if it is planar on the sphere.

Proof: Let G be a graph which is planar on the plane and let & be a planar embedding of G onto the plane. Now consider
the inverse stereographic projection function on &(G). Then we get an embedding of G onto the sphere. Note
that if this embedding onto the sphere is not planar, then there must exists a point on the sphere which is not
a vertex and it lies on two distinct edges. However, then the stereographic projection of that point onto the
plane would still be associated with the two edges. Hence meaning that we must have started with a non planar
embedding of G onto the plain, which is a contradiction. Thus we know that the inverse stereographic projection
of (G) results in a planar embedding of G onto the sphere. Note that when we apply the inverse sterographic
projection we are missing the point (0,0, 1) however, that can simply be added into the sphere since no edge or
vertex will pass through the point at infinity of the plane.

Conversely, now suppose that & is a planar embedding of G onto the sphere. By the same reasoning as above,
if we take the stereographic projection of G onto the plane via a point not on an edge or vertex, we get a planar
embedding of G onto the plane. ]

Remark 56: Note that this connection is the reason that we call the outer region of a planar embedding of a graph
onto the plane a face of the graph. Since in the equivalent planar embedding of the graph on the sphere, that region is
an actual bounded region.

Definition 57: We call a graph G planar if it has a planar embedding onto the sphere (hence equivalently, onto the
plane).

The reason it is preferred to work in the embedding in the sphere is because then embeddings that look distinct on
the planar version are actually the same on the spherical version. But first, let us define what we mean by the “same”
embedding. In order to do so, recall the following definition from introductory abstract algebra.

Definition 58: Let X be a set. We define the permutation group of X to be
Sx :={0:X — X|o is a bijection}

with composition as the group operation. We call elements of this set permutations.

Furthermore, that for discrete sets X we can denote a permutation in what is referred to as cycle notation. As an
example we can consider X = {1,2,3,4,5} and the permutation ¢ that has the mapping 1 — 3,2+ 5,3+ 1,4+ 2,
5+ 4. In this case we can write o = (1 3)(2 5 4). It can be very easily proven that every permutation can be written
as a cycle and every cycle denotes a permutation.

Definition 59: Let G = (V,D,rev,head) be a planar graph and & be a planar embedding of G. The rotation system
of & is the permutation 6 € Sp such that for any d € D, if tail(d) = v, then tail(o(d)) = v and (o (d)) is the
succeeding dart of &(d) when following (for this document’s purposes) a clockwise order of succession centered
around &(v). If your topological space is the sphere, then view the sphere from the outside.

Here lies the key to understanding ’sameness” of planar embeddings. Because we would like to say that two planar
embeddings on a particular topological space are equivalent if there exists a homotopy (a map that drags the topological
space and none of the edges or vertices get dragged over each other) between the two embeddings. However that is very
difficult to keep track of, since there are an uncountable number of homotopies going out of every single embedding of
a graph (for which there are uncountably many). Furthermore, it would be difficult to keep track of which embeddings
would be planar and which would not be.

Notice that our notion of “sameness” of planar embeddings is mathematically the idea of embeddings being homo-
topically equivalent to each other, meaning that they have a homotopy that goes from one to the other. However, note
that if two planar embeddings are not homotopically equivalent to each other then that means that an edge had to be
dragged across another in order to have a “dragging function” between the two. In particular that means that our edge
must have been dragged over an edge for which it is incident to. Hence the order for which they appear on the embed-
ding with respect to their shared vertex must have changed. In other words, if two embedding are not homotopically
equivalent, then their rotation systems would be distinct.
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Hence, we can build an equivalence class of embeddings via the rotation system of embeddings. However, there is
one caveat to this. Rotation system equivalences of embeddings onto the plane include embeddings which are not
homotopically equivalent. This is because Rotation systems for planar graphs assume that you can move your edge in
any direction so long as you do not cross other edges. However, on the plane you are not able to bend an edge all the
way to infinity then bring it back on the other side. Hence you are not always able to move edges in the way Rotation
systems wish you can.

Note that this issue is not with the equivalence classes. Because technically speaking, allowing you to bend an edge
through infinity would still preserve the faces of an embedding (more detail later). Hence it is more convenient to
consider the equivalent embedding onto the sphere, then project it down into the plane. Because on the sphere, there
is no issues with having to bend an edge up to infinity, because there is no infinity on the topology of the sphere.

As a last remark, we should mention the fact that the way we project a sphere onto the plane is via the stereographic
projection. However when projecting, we are (in reality) poling a hole in the sphere and opening it to view the insides
of the sphere. Note that this is the opposite of the definition of a rotation system of an embedding onto a sphere, hence
all of our rotations are now reversed. Thus, in order to maintain the rotation system between a sphere and its planar
representation, we need to perform a reflection (across an arbitrary line) to reverse the rotation back into a clockwise
motion.

Now, let us look at how to actually find all possible embeddings of a graph.
Definition 60: Let G be a graph with planar embedding & onto J (either sphere or plane). A face of G under the
embedding & is an open set in 7 \ Im(&). We denote the set of faces by F.

Remark 61: Note that any planar embedding can be identified by three factors, the vertices, the edges, and the faces.
Hence, if we can find a way to represent a planar graph alongside its rotation system, we are able to account for all
planar embeddings up to homotopy.

Definition 62: Let G = (V,D,rev,head) be a graph and let & be a planar embedding of G. Furthermore, let d € D be
an arbitrary dart of G. If f € F is a face such that §(d) C df then, f is called a shore of d.
Remark 63: Note that by the way we have defined embeddings of darts (and edges), darts are curves with direction in
our directed spaces. Hence it follows that every dart has exactly two shores.
Definition 64: Let G = (V,D,rev,head) be a graph and let & be a planar embedding of G. We define the following
functions:

e Letleft : D — F such that left(d) = f where f is to the left of d when following the direction of &(d).

o Letright : D — F such that right(d) = f where f is to the right of d when following the direction of &(d).

Definition 65: Let G = (V,D,rev,head) be a graph and let & be a planar embedding of G. For f € F we define the
degree of f to be

deg(f) := [{d € Dlright(d) = f}|
The next steps are done so that we can precisely talk about both planar graphs and embeddings simultaneously.

Definition 66: A combinatorial map of a graph G is a triple X = (D, o, ) where D is the set of darts, o is an involution
of D with no fixed points, and o is a permutation of D. Note that we can consider o, a, and ¢ o ¢ to be acting on D
via the groups that they generate. For a particular combinatorial map ¥ we define

¢ The vertices of X are the orbits of o,

* The edges of X are the orbits of ¢,

¢ the faces of X are the orbits of oo .
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Now, note that if we choose our combinatorial map for a graph G to be X = (D, 0,rev) where o is an element of Sp
such that tail(o(d)) = tail(d) then we have an abstract representation of our graph which captures the ideas of
vertices, edges, and faces in a countable way. As a result, we can use Euler’s Characteristic equation

VI-E|+[F]=2

to determine if the chosen o results in a planar graph. Note that choosing ¢ is equivalent to choosing an embedding
of G, because it is representing the rotation system of a class of embeddings.

As such we get the following protocol for finding all possible embeddings of a graph:
0. Identify your given graph G as an abstract graph G = (V,D,rev,head). This means that if G was non-labled,
you will have to label it.
1. Define o € Sp to be the permutation made by composition of all translations of the form (d rev(d)).
Find all permutations ¢ € Sp such that for any d € D, tail(o(d)) = tail(d).
Compute 0xo 0.

Compute the orbits of o, a, and o o ¢, and see if they satisfy Euler’s characteristic equation.

wok »en

All combinatorial maps that satisfy Euler’s characteristic equation are non homotopically equivalent embeddings
of G with labels.

6. If you would like to identify all non-homotopically equivalent embeddings of G you will have to build an
equivalence class under isomorphisms of G.

6 The Markov Chain

We now turn our attention to [ 1. The paper first introduces the Markov chain 11, which is used to sample
st-paths within a 2-connected planar graph. This is how it works: Let G = (v,E) be a planar graph, and let & be a
planar embedding of G. Let s, € V be distinct vertices. The process will sample st-paths in G. During the sampling
process we will choose a particular A € R~(. Now, given a particular path x € €, to determine which new sz-path to
move to, follow the following algorithm:

Algorithm 1 Process of changing st-paths using the Markov chain 71,5,

Require: A >0,x € Q.
1: With probability 1 do nothing.
2: if You decided not to do nothing then
3:  Choose a face uniformly at random.
4:  if The chosen face is adjacent to x then
5 Re-rout x through the chosen face to get the path y with probability

) Ab
A(x,y) = mm{l, M}

else
Do nothing.
end if
else
0: Do nothing.
11: end if

0L PR

—_

Now in order for us to find the actual probability matrix of /71, let us have the following notation:
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1. Let Q be the set of all sz-paths, this will be our sample space.

2. Let F be all the faces of the planar embedding . Note that if we are embedding onto the plane then this
includes the unbounded face. This is not a requirement, even the authors of [MP15] exclude it. However, it does
not change the math too much to keep it.

Let n be our discrete time variable.
Let 11, be random variables with state space {0, 1} such that 77,, ~ Uniform for all n.

Let #, be random variables with state space F' such that F, ~ Uniform for all n.

A

Let Y, be random variables which determine the chosen st-path at time n. Note that the state space of U, is Q.

[MP15] uses this idea of re-routing an st-path through a face. To make this more precise we use the following
definitions.

Definition 67: Let x € Q and let f € F. We say that x is adjacent to f (or f is adjacent to x) if the intersection of the
edges of x and the boundary edges of f makes a single path of length at least 1.

Remark 68: Note that this definition excludes the case when a path x intersects the boundary edges of f via two
disconnected sub-paths.

Definition 69: Suppose x = {v| = s,v;,...,v, =t} € Q and f € F such that x is adjacent to f. Hence we know that
there exists 1 < i < j < n such that P = {v;,viy1,...,v;} is the unique path graph made by the intersection of the
edges of f and the edges of x. This means that the cycle graph that makes up the boundary edges of f is of the form

C={Vi,Vig1,-.-,Vj;W1,W2,...,Wp,v;}. We define the re-routing of x through the face f as the new path
y:{V] :S,VQ,...,Vi,Wm,Wmfh-..,Wl,Vj,Vj+17...,Vn:t}
y
Wim—1] —— ... —_ W

N

Wm wi

X

Hence let us be more concrete with the way that we approach re-routing of paths. Let the following notation hold:

1. Define the function I : Q x F —  such that

(x,f) > y if x is adjacent to f
’ 0 otherwise

where y is the path made by re-routing x through the face f.
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2. For each x € Q define the function I : Q — Q such that f — I(x, ).

3. Letx,y € Q. We say that x is adjacent to y if there exists a face f € F which is adjacent to x such that I(x, f) =Y.

Ly = {y € Im(k) : [y| > |x[}
Lx:={y € In(k) : [y| > [x]}
Sx = {y € Im(k) : |y| < |x[}
Sx:={y € Im(k) : [y[ < [x[}

N o »nos

Now suppose that we are given the following:

1. a particular embedding, &, of the planar graph G,
2. X,y € Q,

3., =x
Now, note that there are two cases for how x and y relate to each other:

Case 1: y # x, in which case we could have

Case 1.1: y € Im(k), or
Case 1.2: y ¢ Im(k).

Case2: y=x.

Let us look at Case 2 first:

Case 2: Note that we have the following:

P(Yo1 =yYa=X) =P, =x¥,=x)=1— Y P(Y,1=12/V, =x)

zeQ\{x}

Hence we know that we can find the probability in this case by understanding what happens in Case 1.

(D

Case 1.2: Suppose y ¢ Im(Iy). By definition this implies that there does not exist a face f € F such that I(x, f) =y.
Hence we know by Step 7 of Algorithm 1 that when Y, = x then Y¥,,; | = X. As such, we know that

P(Yn+1 = Y‘Yn :X) =0

)

Case 1.1: Suppose y ¢ Im(lx) and y # x. By our first supposition we know that there exists f € F such thaty = I(x, f),
let f be precisely that face. Note that Algorithm 1 tells us the following pieces of information:

P(Yn+] :y,Nn+] :0|Yn :X) =0
P(Yn+1 =Y, Fup ¢f|Yn =X,N11 = 1) =0

1
P(N,=0)=P(N,=1) = 3
1
P(F,=g|N,=1) = W

P(Yn+1 = Y|Yn :Xan+1 = 17Fn+1 :f) :A(X7y)
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N, 1Y, ®)
F,LlY, 9

Hence we have the following string of equalities in this case:

P(Yyi1 =YYy = %) = P(Yoi1 = Y, Nut1 = 0V, = X) + P(Yu1 =¥, Np1 = 1|V, = x)
=0+ PYnt1 =Y, No1 = 1|V, = x) (by (3))
=P(Yoi1 =Y, Noy1 = 1Y, =X)
*P(YrH»l *Y|Yn =X,Nyy1 = 1)P( n+1 = 1‘Y *X)

=P(Yor1 =y[Yy =X, No1 = )P(Npy1 = 1) (by (8))
= %P(Ynﬂ =y[Yy =%X,Nyy1 =1) (by (5)
= %(P(Ynﬂ =y, F1 # f|Yn =X,Npt1 = 1) +PYor1 =Y, Fop1 = f|Yn =X,Npp1 = 1))

= O P =y, Fogt = T = XNy = 1)) (by (@

1
= EP(Yn+1 Y, Fur1 = f|Yn =X,Nyy1 = 1)

1
= 7P(Yn+1 ZYIYn =X,Nyt1 =1, Fq :f)P( n+1 = f|Y =X,Nyy1 = 1)

2
1
= P =0 =X Ny = L Foer = P)P(Fuss = fINy = 1) (by ©
1
2|F‘ ( n+1 = Y‘Yn:X;NnJrl =1,F :f) (by (6)
1
= SFARY) (by ()
1
_ [y[=Ix]
2|F\ mln{l A }

Hence we know that if y € Im(/) and y # x, then

P(Yui1 =y|Yy =x) = mmm{uuy\ ol (10)

Thus we can use the information we have to evaluate case 2:

PYp =x|Y,=x)=1— Y P¥1=2Y,=x) (by (1))
zeQ\{x}
=1- ( Y Pla=zlVu=x)+ Y = PVui=zl¥,= x))
z¢ Im(Iy) zeIn(l)\{x}
Y Pluai=ziVa=x)— Y = P =zl¥,=x)
z¢In(ly) zeIn(ly)\{x}
=1-0—- Y PV =1zV,=x) (by (2))
z€Im(lx)\{x}
1
=1- Y~ min{,APIN (by (10))
cerm(nh\fx) 21| g }
1
=1-— Z min{ 1, A/~
2‘F| zeInm(lx)\{x} { }

Now let us try to understand the minimum function a bit better. Note that the minimum function depends on three
variables, A, |y|, and |x|. This turns out to result in five different cases:

Taha Hedayat Page 19 Deniz Sezer



Taha Hedayat Path Finding Markov Chain Deniz Sezer

Casei: If A = 1, then min{ 1, A¥=xI} = 1.

Caseii: If [y| > |x| and A > 1, then min{1,A¥=X} =1,
Caseiii: If |y| < |x| and A > 1, then min{l,l‘y‘_‘x‘} = A=K <1
Caseiv: If |y| < |x| and A < 1, then min{ 1, AN=X} = 1.

Case v: If |y| > x| and A > 1, then min{l,l‘y‘_‘x‘} = A= <1

Now with this information we can be as explicit as possible. Note that we have the following computations:

IfA>1:
0 ify ¢ Im(ly)
L ify el
PYper =y[Ya =%) = q Ay
A ifyeds
2IF] My Eox
1 _
1—— | |Lx]= ¥ A=K ify=x
2|F|< X zgx
IfA<1:
0 ify ¢ Im(k)
1 ifyedS
2[F] y&ox
PYpe1 =y[Ya =%) = q Ay
e s
2|F| 1 ye X
1 _
1—— [ |Sx|= ¥ Al=K) iy =x
2F|< X
IftA=1:
0 if y ¢ Im(ly)
b ifyeds.
Py =ylY, =x) = 2|F]| Y& ox
|Im(L)| .
1— fy=
2|F| Iy X

Note that with this information it becomes fairly simple to write code which takes a graph with an embedding as input
and outputs the probability matrix of the Markov chain associated to it. In fact this has already been done by the first
author and is publicly available in [ ]. Please note that the code is not optimized and is coded on the coding
language SageMath. The reason for not optimizing is due to the fact that SageMath is not an optimized language
hence the efforts would not be very rewarding.

6.1 Conclusion and Future Work

Note that the only reason most of this document exists is due to two important theorems in [ ]. First is the bound
which they provide for the diameter of the graph of the Markov chain:
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Theorem 70: For any plane embedding of a given graph and any pair of vertices s and ¢, the Markov chain 771,,, has
diameter at most 2n2, where 7 is the number of vertices in the graph which is getting sampled.

Second is the mixing time of a slightly altered Markov chain which they denoted 777}, ..

Theorem 71: The mixing time of 177}, . is O(#*/a2) for every A € (0, 1].

While their result is very useful, Theorem 71’s proof depended on the bound of the diameter of the Markov chain

Mpam- This bound is not only very large compared to the actual diameter of most graphs, but the bound also depends
on the embedding of the graph we are sampling from.

Hence what may be good for future work is to explore the connection between the different embeddings a palanar
graph has and the diameter of the graphical representation of the Markov chain 171,
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