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1 Introduction:

1.1 Graph Theoretic Definitions and Notations:

Definition 1.1.1: A Graph G is a finite collection of vertices (dots/circles), and edges (lines) between those
vertices.

Definition 1.1.2: An non-directional graph is a graph comprised of edges that do not have a direction (no
arrows).

Definition 1.1.3: A directional graph is a graph comprised of edges that do have a direction (edges are
one-way arrows between vertices).

Definition 1.1.4: a mixed graph is a graph comprised of edges that may or may not be directional.

Definition 1.1.5: A multi-edge graph is a graph that allows more than one edge (of the same direction) to
exist between the same two vertices.

Definition 1.1.6: A loop (or looped) graph is a graph that allows there to exist an edge from a vertex to
itself. (Note that loops do not have a direction)

Definition 1.1.7: A graph that is mixed, multi-edged, and looped will be called an MML graph.

From now on let G be an MML graph.

Definition 1.1.8: (The notation of edges in G): Let v and w be vertices in G

• Define (v,w) to be an edge from v to w.

– Let the edge e = (v,w) be in the graph G.

* we call v the tail of e

* we call w the head of e

* we say that e leaves v

* we say that e enters w
– if v = w, we have a loop. A loop is an edge that leaves and enters v. For this reason, we

may denote the loop (v,v) by (v).

• Define {v,w} to be an edge between v and w. (If you see this notation, assume v and w are
distinct vertices.)

Note that (v,w) ̸= (w,v) in general. However, {v,w}= {w,v}.

If we have an edge e going to or from a vertex v (the edge can be directed, undirected, or a loop), then
we say that v is incident to e and vice-versa. Furthermore, if w is the other (not necessarily distinct
in the case of loops) vertex incident to e, we say that v and w are adjacent. And we call v and w the
end-vertices of e.
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Definition 1.1.9: Define V (G) as the set of vertices in G. Similarly, define E(G) as the set of edges in G.

Definition 1.1.10: We say that a graph G is a subgraph of a graph G if V (G)⊆V (G) and E(G)⊆ E(G). In
this case, we write G ⊆G. If we wish to stress that G is a proper subgraph of G, then we write G ⊊G

Definition 1.1.11: Let R ⊆ E(G). Define G−R as the graph such that V (G−R) = V (G), and E(G−R) =
E(G)\R.

Let S ⊆V (G). Define G−S as a graph such that V (G−S) =V (G)\S and

E(G−S) = {(v,w),{v,w} ∈ E(G) : v,w ∈V (G)\S}

Definition 1.1.12: Let v ∈V (G). Define the following notations:

• out-edges: +Ev := {(v,w) ∈ E(G) : w ∈V (G)}, note that this includes loops on v.

• in-edges: −Ev := {(w,v) ∈ E(G) : w ∈V (G)}, note that this includes loops on v.

• non-directed-edges: NDEv := {{v,w} ∈ E(G) : w ∈V (G)}, note that this does not include loops
on v.

• loop edges: ◦Ev := {(v,v) ∈ E(G) : v ∈V (G)}

• directed-edges: ±Ev := +Ev ∪ −Ev

• total-edges Ev := ±Ev ∪ NDEv

Note that if the context is not enough we can denote the above by having G in parenthesis right
afterwards. Ex.) ±Ev(G) denotes the set of directed edges coming in or out of the vertex v that exist
within the set E(G), for a graph G, this includes the loops on v (loops are only counted once since the
union of sets does not result in repetition).

Definition 1.1.13: Let v ∈V (G). Define the following notations:

• out-degree: +dv := |+Ev|

• in-degree: −dv := |−Ev|

• non-directed-degree: NDdv := |NDEv|+2|◦Ev|

• directed-degree: ±dv := |±Ev|+ |◦Ev|

• total-degree: dv := |Ev|+ |◦Ev|
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Note that if the context is not enough we can denote the above by having G in parenthesis right
afterwards. Ex.) ±dv(G) denotes the cardinality of the set of directed edges coming in or out of the
vertex v (loops counted twice, once for being an in-edge, and another time for being an out-edge) that
exist within the set E(G), for a graph G.

Definition 1.1.14: Let v ∈V (G). Define the following notations:

• out-neighbourhood: +Nv := {w ∈V (G) : (v,w) ∈ +Ev}

• closed out-neighbourhood: +Nv := +Nv ∪{v}

• in-neighbourhood: −Nv := {w ∈V (G) : (w,v) ∈ −Ev}

• closed in-neighbourhood: −Nv := −Nv ∪{v}

• non-directional-neighbourhood: NDNv := {w ∈V (G) : {v,w} ∈ NDEv}

• closed non-directional-neighbourhood: NDNv := NDNv ∪{v}

• neighbourhood: Nv := +Nv ∪ −Nv ∪ NDNv

• closed neighbourhood: Nv := +Nv ∪ −Nv ∪ NDNv ∪{v}

Note that if the context is not enough we can denote the above by having G in parenthesis right
afterwards.

Definition 1.1.15: a walk,W, is an ordered sequence of edges of the form

W = {e1,e2, . . . ,en}

where n ∈ N, ei ∈ E(G) for all 1 ≤ i ≤ n, and for all 1 ≤ i ≤ n−1, ei enters the same vertex that ei+1
leaves.

If W is a walk notated as above, v1 is the tail of e1, and vn+1 is the head of en, then we say that W is a
walk form v1 to vn+1, or a (v1,vn+1)-walk. Furthermore, we define the initial vertex of the walk W to
be v1, and the terminal vertex of the walk W to be vn+1.

Note that if it is required we may write W(G) to emphasize the fact that W is a walk made up of
vertices and edges within G.

Furthermore, we define a closed walk, as a walk such that the initial and terminal vertices of the walk
are the same.

Definition 1.1.16: We define the vertices of a walk W= {e1,e2, . . . ,en}, to be the ordered sequence V (W) :=
{v1,v2, . . . ,vn+1}. where e j leaves v j and enters v j+1 for all 1 ≤ j ≤ n

Similarly we define the edges of the walk W to be the ordered sequence E(W) := {e1,e2, . . . ,en}.
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Definition 1.1.17: The subgraph of G produced by the walk W is defined as the subgraph of G made up of
vertices V (W) and edges E(W). We will denote this subgraph by W and make it clear through the
context whether we are talking about the walk W or the subgraph W.

Definition 1.1.18: A walk W is called a path if every vertex of W is distinct

Note that similar to walks, if P is a path from the vertex v1 to the vertex vn, then we say that P is a
(v1,vn)-path.

Furthermore, we define a cycle as a closed walk that is a path except at the initial and terminal vertices
of the walk. A cycle is usually denoted by C

Definition 1.1.19: Let G and H be subgraphs of G. We say that G and H are strongly connected in G if for
every vertex v in G and for every vertex w in H, there exists a (v,w)-path, P1(G), and a (w,v)-path,
P2(G).

Definition 1.1.20: We say that G is a disconnected if there exist subgraphs G,H of G such that there exists
vertices v ∈V (G) and w ∈V (H) such that there is no (v,w)-path.

Definition 1.1.21: Let G be a subgraph of G. We say that G is a strongly connected component (of G) if it
is a maximally strongly connected. By “maximally” we mean that if we add any vertex of V (G−G)
(and any associated edges) to G, then G would now no longer be strongly connected.

If the context is clear, we may call a strongly connected component, a component.

Definition 1.1.22: The length of a walk W is defined as |W| := |E(W)|.

Note that for a path P, |P|= |V (P)|−1. Furthermore, for a cycle C, |C = |V (C)|.

Definition 1.1.23: Let v,w ∈ V (G). We define the distance from v to w, denoted d(v,w), as the value
min({|P| : P is a (v,w)-path}) if there exists a path from v to w. If there does not exist a path from v
to w, then the distance from v to w is infinite, and we write d(v,w) = ∞.

Note d(v,w) ̸= d(w,v) in general. However, if d(v,w) = d(w,v) ∈N0, then we may write d{v,w}, and
call it the distance between v and w. If d(v,w) = d(w,v) = ∞, then we say that the distance between v
and w is infinite and we write d{v,w}= ∞.

Definition 1.1.24: Let v ∈ V (G). We define the out-eccentricity of v as ecc+(v) := max({d(v,w) : w ∈
V (G) and d(v,w) ̸= ∞}).

Similarly, we define the in-eccentricity of v as ecc−(v) :=max({d(w,v) : w∈V (G) and d(w,v) ̸=∞}).
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Note that ecc+(v) ̸= ecc−(v) in general. However, if ecc+(v) = ecc−(v), then we may write ecc(v),
and call it the eccentricity of v.

Note that there always exists a path from v to itself. Namely the trivial path P = /0. In this way,
0 ≤ ecc+(v),ecc−(v),ecc(v).

Definition 1.1.25: The diameter of a graph G is defined as follows:

• If there exists a component of G that is not strongly connected, then we say that the diameter of
G is infinite and write diam(G) = ∞.

• If every component of G is strongly connected, then we define the diameter of G as:

diam(G) := max({ecc+(v) : v ∈V (G)})

Definition 1.1.26: Let V be the set of components of G. We define the mean (component) diameter of G to
be:

diam(G) :=
∑

G∈V
diam(G)

|V|

Definition 1.1.27: Similar to the diameter, the radius G is defined as follows:

• If there exists a component of G that is not strongly connected, then we say that the radius of G
is infinite and write rad(G) = ∞.

• If every component of G is strongly connected, then we define the radius of G as:

rad(G) := min({ecc+(v) : v ∈V (G)})

Definition 1.1.28: Let V be the set of components of G. We define the mean (component) radius of G to be:

rad (G) :=
∑

G∈V
rad(G)

|V|

Definition 1.1.29: We define the girth of G as follows:

• If there exists at least one cycle in G, then the girth of G is defined as gir(G) = min({|C(G)|}).
• If there does not exists any cycles in G, then we say that the girth of G is infinite, and we write

gir(G) = ∞.

Note that if the girth exists, its value is at least 1.

Definition 1.1.30: Let V be the set of components of G. We define the mean (component) girth of G to be:

gir (G) :=
∑

G∈V
gir(G)

|V|
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Definition 1.1.31: If the radius of G exists, then we define the center of G to be the set of vertices in G that
have an out-eccentricity value equal to the radius of G. In other words,

cen(G) = {v ∈V (G) : ecc+(v) = rad(G)}

Definition 1.1.32: If the diameter of G exists, then we define the periphery of G to be the set of vertices in
G that have an out-eccentricity value equal to the diameter of G. In other words,

per(G) = {v ∈V (G) : ecc+(v) = diam(G)}

Definition 1.1.33: Let V be an arbitrary set of vertices and let E be all possible edges between vertices in
V (including directed, undirected, looped, and multi edges). Lastly, let ES be the set of all possible
undirected edges between vertices in V excluding loops and multi edges. We define the simplification
map

ϒ : (V,E)→ (V,ES)

such that for a mixed, multi-edged, looped graph G, the following hold:

• ϒ(v) = v for all v ∈V (G),

• for all v,w ∈V (G), if e1,e2, . . . ,en ∈ E(G) are all edges of the forms (v,w), (w,v) or {v,w}, then
ϒ(ei) = {v,w} for all 1 ≤ i ≤ n, i ∈ N, and

• for all v ∈V (G), if e1,e2, . . . ,en ∈ E(G) are all the edges of the form (v), then ϒ(ei) = /0 for all
1 ≤ i ≤ n, i ∈ N.

Note that the simplification map turns any graph into a simple graph by making all directed edges into
undirected edges and getting rid of any multi-edges or loops.

1.2 General Definitions of Elliptic curves and the ℓ-Isogeny Graph

Let us first define the notation that we will be using in this paper. Most of the notation is borrowed from
[Arpin, Et al.]. For this entire document, let p and l be prime numbers with p > 3, and let k be a finite field
of characteristic p (which is greater than 3).

Definition 1.2.1: In this paper we will use ⊆ and ⊂ as equivalent notions of a “subset which may or may
not be equal”. We use ⊊ to identify a “proper subset”. Lastly, ⊈ and ̸⊂ are equivalent notions of “not
a subset”.

In this paper N= {1,2,3, . . .}, and N0 = {0,1,2,3, . . .}.

We also denote the cardinality of a set S, as |S|

Definition 1.2.2: The algebraic closure, k, of the finite field k is defined to be the field extension of k such
that all irreducible polynomials over k have degree 1.

An equivalent definition of k is the union of all finite algebraic extensions of k.
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Definition 1.2.3: In this document, we say E is an (affine) elliptic curve defined over a finite field k if E is the
set of points defined by the affine form elliptic equation y2 = x3+ax+b with a,b ∈ k, 4a3+27b2 ̸= 0,
and the valid inputs of (x,y) reside in k

2
. This set has the natural binary operation notated with “+”,

and an additional point called the point at infinity of the elliptic curve E denoted as OE . This creates
an abelian group (E,+) with the identity element being OE .

If we wish to emphasize the fact that E is defined over the finite field k, then we may notate E as
E/k. Furthermore, if we wish to keep things general we may write E/k to denote the elliptic curve
E defined over an unspecified finite field extension of k. If we do not specify what field E is defined
over, then we assume that we are working over k.

Definition 1.2.4: Let L superfield of k and a subfield of k. We notate the L-rational points of an elliptic
curve E defined over k as E(L) = {(x,y) ∈ E : x,y ∈ L}∪{OE}

Definition 1.2.5: Let k ⊆ L ⊆ k be a field. We say that two elliptic curves E/k and E ′/k are isomorphic
over L (as groups) if there exists u ∈ L such that the map φ : E → E ′ where (x,y) 7→ (u2x,u3y) is a
group isomorphism. In this case, we write E ≃L E ′.

Definition 1.2.6: Let E/k : y2 = x3 + ax+ b be an elliptic curve. We define the j-invariant of E as the
following:

j(E) := 1728
4a3

4a3 +27b2

Theorem 1.2.7: Two elliptic curves E/k and E ′/k are isomorphic over k if and only if j(E) = j(E ′).

Proof: Proof done in [Sil09, III, 1.4] ■

Definition 1.2.8: Let E/k and E ′/k be two elliptic curves such that E ≃k E ′ (or j(E) = j(E ′)). This by
definition implies that there exists u ∈ k such that the function φ as defined in 1.2.5 is an isomorphism.
If it is the case that u /∈ k, but un ∈ k for some minimal n ∈ N>1, then we call E and E ′ twists of each
other. If n = 2, then we say E and E ′ are quadratic twists. Moreover, there exist cubic twists, (n = 3),
quartic twists (n = 4), and sextic twists (n = 6).

Note that twists, are isomorphic over k, but not isomorphic over k.

Definition 1.2.9: We call a surjective group homomorphism between two elliptic curves E and E ′ an
isogeny.

Theorem 1.2.10: Any non-zero homomorphism between two elliptic curves is an isogeny. In other words,
any non-zero homomorphism between two elliptic curves is surjective.

Proof: Proof done in [Har77, II, 6.8] ■
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Theorem 1.2.11: Let φ : E/k → E ′/k be an isogeny. Then there exists polynomials u,v,s, t ∈ k[x] such that

φ(x,y) =
(

u(x)
v(x)

,y
r(x)
s(x)

)

Proof: Proof done in [Sut22, 4.26]. ■

Definition 1.2.12: Let k ⊆ L ⊆ k be a field. We say that an isogeny φ is defined over L if φ(x,y) =(
u(x)
v(x) ,y

r(x)
s(x)

)
where u,v,r,s ∈ L[x].

Let us look at some important isogenies from an elliptic curve to its self (endomorphisms)

Definition 1.2.13: Let n ∈ N. We denote the multiplication by n map of an elliptic curve E as [n] : E → E,
such that

[n](P) := [n]P =

n times︷ ︸︸ ︷
P+P+ · · ·+P

for P ∈ E.

Definition 1.2.14: Recall that p is the characteristic of the finite field k. Let q = pn where n ∈ N such
that q = |k|. We define the q-power Frobenius endomorphism as the map πq : E/k → E/k such that
(x,y) 7→ (xq,yq).

Note that these are not the only endomorphisms of elliptic curves, but they are specifically important. There
is also a general isogeny which is not always an endomorphism.

Definition 1.2.15: If k is a finite field of order q = pn ̸= p, and characteristic p, then for every elliptic curve
E/k : y2 = x3+ax+b, the map πp : E → E ′ where (x,y) 7→ (xp,yp) is an isogeny with its image being
the elliptic curve E ′/k : y2 = x3 +apx+bp. We call this the p-power Frobenius isogeny.

Note that we differentiate when πp is an endomorphism (|k| = p), and when it is not (|k| ≠ p), by
calling it the p-power Frobenius endomorphism, versus, the p-power Frobenius isogeny, respectively.

Definition 1.2.16: Let m ∈ N. We denote the m torsion subgroup of an elliptic curve E by E[m] := {P ∈ E :
[m]P =OE}

Theorem 1.2.17: Let l,e ∈ N, then

E[le]≃
{

Z/leZ×Z/leZ if l ̸= p
Z/leZ or {OE} if l = p

Furthermore, the two possible cases for E[pe] are mutually exclusive.

Proof: This is proven in [Sil09, VI, 5.4]. ■
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Definition 1.2.18: Let e ∈N. If E[pe]≃ Z/peZ, then we call E an ordinary elliptic curve. However, if E[pe]≃
{OE}, then we call E a supersingular elliptic curve.

Theorem 1.2.19: If E/Fp is supersingular, then |E(Fp)|= p+1.

Proof: Follows from 1.2.30. ■

Theorem 1.2.20: If E/Fp is a supersingular elliptic curve, then it only has one twist Et/Fp which is super-
singular.

Proof: Shown in [DG16, 2.3]. ■

Definition 1.2.21: Let E be an elliptic curve defined over the finite field k. The k-function field of E is defined
as

k(E) =
{[

f (x,y)
g(x,y)

]
∼

: f ,g ∈ k[x1,x2]/I(E),g /∈ I(E), f ,g are homogeneous of degree d, and

f1

g1
∼ f2

g2
⇐⇒ f1g2 − f2g1 ∈ I(E)

}
Where I(E)= { f ∈ k[x1,x2] : f (P)= 0 ∀P∈E}. Note that I(E) is generated by the definition equation
of E (and hence is a subset of k[x,y]), and is always a prime ideal. Hence the above is well defined.

Note that a function f (x,y) is homogeneous of degree d if for all λ ∈ k, f (λx,λy) = λ d f (x,y), for
some d ∈ N.

Note that for our purposes if f ∈ k(E), then we consider f as a map from E to k

Let E and E ′ be elliptic curves defined over the finite field k. Furthermore, let k(E) and k(E ′) be the
associated function fields. Lastly, let φ : E → E ′ be an isogeny defined over k.

Define φ ∗ such that φ ∗( f ) = f ◦ φ for all f ∈ k(E ′). Note that in this case φ ∗ : k(E ′) → k(E), since for
f ∈ k(E ′), φ ∗( f ) = f ◦φ : E → k. Therefore, φ ∗(k(E ′)) is a subfield of k(E).

Definition 1.2.22: Let φ : E/k → E ′/k be an isogeny defined over k. We say that φ is separable, insep-
arable, or purely inseparable corresponding to whether the field extension k(E)/φ ∗(k(E ′)) is separable,
inseparable, or purely inseparable.

Definition 1.2.23: Let φ : E/k → E ′/k be an isogeny defined over k. We define the degree of φ to be the
degree of the extension [k(E) : φ ∗(k(E ′))].

Let F and I be fields such that I/F is a field extension. Recall that there always exists a unique subextension
F ⊆ J ⊆ I such that J/F is a separable extension and I/J is a purely inseparable field extension. And along
with that we have the separable degree of I/F as:

[I : F ]s = [J : F ]
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along with the inseparable degree of I/F as:

[I : F ]i = [I : J]

Furthermore, recall that [I : F ] = [I : F ]s[I : F ]i.

Definition 1.2.24: Let φ : E/k → E ′/k be an isogeny defined over k. We define the separable degree of φ as
the separable degree of the field extension k(E)/φ ∗(k(E ′)), denoted as degs(φ) = [k(E) : φ ∗(k(E ′))]s.

Similarly, we define the inseparable degree of φ as the inseparable degree of the field extension
k(E)/φ ∗(k(E ′)), denoted as degi(φ) = [k(E) : φ ∗(k(E ′))]i.

Note that if φ is separable then deg(φ) = degs(φ). Similarly, if φ is purely inseparable, then deg(φ) =
degi(φ).

Theorem 1.2.25: Let φ : E/k → E ′/k be an isogeny defined over k. Then the following holds:

(a) If φ is separable, then deg(φ) = |ker(φ)|.
(b) If φ is purely inseparable, then deg(φ) = pe for some e ∈ N.

(c) If φ is the multiplication by m ∈ Z endomorphism [m] then φ is separable, and deg(φ) = m2.

(d) If φ is the pe-th Frobenius isogeny, πpe , for any e ∈Z, then φ is purely inseparable and deg(φ) =
pe.

(e) There exists e ∈N, elliptic curve denoted E(pe), Frobenius isogeny πpe : E → E(pe), and isogeny
λ : E(pe) → E ′ such that the following hold:

i. φ = λ ◦πpe

ii. λ is separable and degs(φ) = deg(λ )
iii. pe = degi(φ)

Diagram describing the situation:

E E(pe)

E ′

πpe

φ
λ

Proof: (a) Proof done in [Sil09, III, 4.10]

(b) Proof done in [Sil09, II, 2.11]

(c) Proof done in [Sil09, III, 6.2]

(d) follows from 1.2.25(e)
(e) Proof done in [Sil09, II, 2.12]

■

Definition 1.2.26: Let E/k be an elliptic curve, and let End(E) be the set of all endomorphisms of E. Or in
other words:

End(E) := {φ : E → E|φ is an isogeny}
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Note that isogenies in End(E) can be defined over any superfield of k. Now, if we let φ ,ψ ∈ End(E),
then we can define the binary operation + : End(E)×End(E) → End(E) such that (φ +ψ)(P) =
φ(P) + ψ(P) for all P ∈ E. Furthermore, we can define another binary operation ◦ : End(E)×
End(E) → End(E), such that (φ ◦ ψ)(P) = φ(ψ(P)) for all P ∈ E. We claim that this structure
(End(E),+,◦) is a ring. We call this ring the endomorphism ring of E.

If we wish to only look at the endomorphisms of E defined over a specific super field of k, say L, then
we define

EndL(E) = {φ : E → E|φ is an isogeny defined over L}

(EndL(E),+,◦) is subring of End(E), and is called the endomorphism ring of E defined over L.

Definition 1.2.27: Let E/k be an elliptic curve. We define the endomorphism algebra of E as

KE := End(E)⊗Q

Note that KE is a scalar extension of Q, and hence is a number field and a finitely generated Q-algebra!
If the context is clear of what elliptic curve we are talking about, then we may write K instead of KE

Definition 1.2.28: Let K be a finitely generated Q-algebra. An order O⊆K is a subring of K that is a finitely
generated Z-module of maximal dimension.

Theorem 1.2.29: Let E/k be an elliptic curve, and let K be its associated endomorphism algebra. Then
End(E) is an order in K.

Proof: Shown in [DG16, 2.1] ■

Theorem 1.2.30: Let E/k be an elliptic curve and let K be its associated endomorphism algebra. If |k| =
pn = q, for some n ∈ N. Then there exists t ∈ Z such that |E(k)|= q+1− t, and |t| ≤ 2

√
q. Further-

more, one of the following must be true:

(a) n is even and t =±2
√

q

(b) n is even and p ̸≡ 1 (mod 3) and t =±√
q

(c) n is even and p ̸≡ 1 (mod 4) and t = 0

(d) n is odd and t = 0

Lastly, we know that in case (a), K is a quaternion algebra over Q, and in cases (b), (c), and (d), K is
an imaginary quadratic field over Q.

Proof: Shown in [DG16, 2.1] ■

Theorem 1.2.31: Let φ : E/k → E ′/k be a non-zero isogeny defined over k of degree m. Then, there exists a
map φ̂ : E ′/k → E/k that is a non-zero isogney defined over k and φ̂ ◦φ = [m] ∈ End(E)

Proof: This is proven in [Sil09, III, 6.1] ■
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Definition 1.2.32: The map φ̂ in 1.2.31 is called the dual (isogeny) of φ .

Theorem 1.2.33: Let φ : E → E ′ be a non-zero isogeny, then

(a) Let m = deg(φ). Then

φ̂ ◦φ = [m] ∈ End(E) and φ ◦ φ̂ = [m] ∈ End(E ′)

(b) Let λ : E2 → E3 be another isogeny. Then

λ̂ ◦φ = φ̂ ◦ λ̂

(c) Let ψ : E1 → E2 be another isogeny. Then

φ̂ +ψ = φ̂ + ψ̂

(d) deg(φ̂) = deg(φ).

(e) ̂̂φ = φ .

Proof: This is proven in [Sil09, III, 6.2] ■

Definition 1.2.34: Let E1/k, E2/k, E ′
1/k, E ′

2/k be elliptic curves such that E1 ̸= E2, let φ1 : E1 → E ′
1, and

φ2 : E2 →E ′
2 be separable isogenies, and let L be a superfield of k. We say that φ1 and φ2 are equivalent

over the field L if there exists L-isomorphisms λ : E1 → E2, and λ ′ : E ′
1 → E ′

2 such that φ2◦λ = λ ′◦φ1.
In other words, φ1 and φ2 are equivalent over L if there exists L-isogmorphism λ and λ ′ such that the
following diagram commutes:

E1 E2

E ′
1 E ′

2

λ

φ1 φ2

λ ′

Note that in the definition above since λ and λ ′ are L-isogenies, and hence E1, E2 are in the same iso-
morphism class of elliptic curves, and the same holds for E ′

1 and E ′
2. This implies that φ and φ ′ are doing

“basically the same thing” up to L-isomorphism.

Theorem 1.2.35: Equivalent separable isogenies have the same degree.

Proof: Let E1/k, E2/k, E ′
1/k, E ′

2/k be elliptic curves. Let φ1 : E1 → E ′
1 and φ2 : E2 → E ′

2 be separable
isogenies. Suppose that φ is equivalent to φ ′ over the superfield L ⊇ k. By definition, this implies that
there exists L-isomorphisms λ : E1 → E2, and λ ′ : E ′

1 → E ′
2 such that φ2 ◦λ = λ ′ ◦φ1. To prove the

theorem we need only to show that the cardinality of the kernels of φ1 and φ2 are the same and use
1.2.25.

Consider ker(φ2 ◦λ ) := {P ∈ E1 : φ2 ◦λ (P) = OE ′
2
} which we can write as ker(φ2 ◦λ ) = {P ∈ E1 :

λ (P) ∈ ker(φ2)}. We can define the map α : ker(φ2 ◦λ )→ ker(φ2) such that P 7→ λ (P). We claim
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that α is a bijection. We can check injectivity by looking at the kernel of α . Let P ∈ ker(α). By
definition this implies that α(P) = λ (P) = OE2 . Now since λ is an isomorphism we know that
P = OE1 . By the arbitrary choice of P we know that Ker(α) = {OE1}, and hence α is injective.
We can show surjectivity of α by looking at ker(φ2). Let P ∈ ker(φ2). By definition, we know
that P ∈ E2. Furthermore, since λ is an isomorphism we know that it has an inverse. Therefore we
know that λ−1(P) is well defined and is in E1. Note that φ2 ◦ λ (λ−1(P)) = φ2(P) = OE ′

2
. Hence

λ−1(P) ∈ ker(φ2 ◦λ ). With this, we can consider α(λ−1(P)) = λ (λ−1(P)) = P ∈ ker(φ2). Hence α

is surjective. As a result we know that α is a bijection, and therefore we know that |ker(φ2 ◦λ )| =
|ker(φ2)|.
On the other hand, we can consider ker(λ ′ ◦φ1) := {P ∈ E1 : λ ′ ◦φ1(P) =OE ′

2
} which we can write as

ker(λ ′ ◦φ1) = {P ∈ E1 : φ1(P) ∈ ker(λ ′)}. Note however, that since λ ′ is an isomorphism we know
that ker(λ ′) = {OE ′

1
}. Therefore we have ker(λ ′ ◦φ1) = {P ∈ E1 : φ1(P) =OE ′

1
}. This by definition

is the kernel of φ1. Hence we have |ker(λ ′ ◦φ1)|= |ker(φ1)|.
Adding ontop of these results our supposition that φ2 ◦λ = λ ′ ◦φ1 (which implies that |ker(φ2 ◦λ )|=
|ker(λ ′ ◦φ1)|), we have the following result:

deg(φ1) = |ker(φ1)| (by 1.2.25)

= |ker(λ ′ ◦φ1)|
= |ker(φ2 ◦λ )|
= |ker(φ2)|
= deg(φ2) (by 1.2.25)

Thus deg(φ1) = deg(φ2). By the arbitrary choice of φ1 and φ2, we have proven the statement. ■

Definition 1.2.36: Let φ : E/k → E ′/k be an isogeny defined over k, and let L be a superfield of k. We define
the equivilance class of isogenies of φ over L to be the following set:

[φ ]L = {ψ : E → E ′| ∃ isomorphism λ : E ′ → E ′ such that ψ = λ ◦φ}

Note that by combining 1.2.34, 1.2.35, and 1.2.36 we can understand that an equivalence class of isogenies,
[φ ]L, is a collection of isogenies with, the same degree, the same domain (up to L-isomorphism), the same
codomain (up to L-isomorphism), and they all “basically do the same thing”.

Definition 1.2.37: The (general) ℓ-isogeny graph over the field k is the graph made by the following:

• The vertices are k-isomorphism classes of (ordinary or supersingular) elliptic curves defined
over k,

• The edges are k-equivalence classes of isogenies between the k-isomorphism classes of elliptic
curves defined over k, such that the isogeny is defined over k and has a degree of ℓ.

Definition 1.2.38: The supersingular ℓ-isogeny graph over the field k is the graph made by the following:

• The vertices are k-isomorphism classes of supersingular elliptic curves defined over k,

• The edges are k-equivalence classes of isogenies between the k-isomorphism classes of super-
singular elliptic curves defined over k, such that the isogeny is defined over k and has a degree
of ℓ.
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We denote this graph as Gℓ(k).

Note that for all fields k, it can be shown that Gℓ(k) is a proper subgraph of the general ℓ isogeny graph.

Definition 1.2.39: A polynomial Φℓ(X ,Y ) ∈ Z[X ,Y ] is called the ℓ-modular polynomial if the following
hold:

(a) deg(Φℓ) = ℓ+1

(b) Φℓ(X ,Y ) = Φℓ(Y,X)

(c) There exists an ℓ-isogeny over Fp, φ : E1 → E2 with j(E1) = j1, j(E2) = j2 if and only if
Φℓ( j1, j2) = 0

Definition 1.2.40: Let A,B ∈ Z[X1,X2, . . . ,Xn]. We define the resultant polynomial of A and B with respect
to Xi, for some i ∈ {1,2, . . . ,n}, as

ResXi(A,B) = ae
0bd

0 ∏
1 ≤ l ≤ d
1 ≤ m ≤ e

(λl −µm)

Where e, d is the degrees of A and B respectively, a0, b0 are the leading coefficients of A and B
respectively, and µl , λm are roots of A and B respectively. All with respect to Xi.

Definition 1.2.41: We define the ℓ-resultant polynomial as

Resℓ(X) := ResY

(
Φℓ,

∂

∂Y
Φℓ

)

Theorem 1.2.42: j is a root of Resℓ(X) if and only if the vertex j ∈Gℓ(Fp) is incident to a double edge.

Proof: This is proven in [Arp+23, Lemma 2.14] ■

1.3 Notation of Gℓ(Fp) and Gℓ(Fp), and the definition of Sp
ℓ

Consider Gℓ(Fp)

Note that in this case, the vertices are Fp isomorphism classes of elliptic curves defined over Fp. We know
by Theorem 1.2.7 that any two elliptic curves that are isomorphic to each other over Fp must share j-
invariants. Thus as a result we notate a vertex by the j-invariant of the elliptic curves in this isomorphism
class represented by the vertex. All edges in Gℓ(Fp) are directed. Since there may be multi-edges in this
graph, we stick with the same notation of edges introduced in section 1.1.

Note that it can be shown that if j is supersingular, then j ∈ Fp2 . If we wish to emphasize that a j-invariant
is in a particular field we use the following notation

• If j ∈ Fp2 , then we use the standard notation j.
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• If j ∈ Fp, then we use the notation j.

• If j ∈ Fp2 \Fp, then we use the notation j

• If j ∈V (Gℓ(Fp)), then we call j supersingular.

• If j ∈V (Gℓ(k))\V (Gℓ(Fp)), then we call j, ordinary.

Consider Gℓ(Fp):

Note that in this case, the vertices are Fp isomorphism classes of elliptic curves defined over Fp. Let E/Fp

and Et/Fp be supersingular elliptic curves such that Et is the twist of E (we know that there is only one
twist of E by Theorem 1.2.20). Furthermore, let [E] and [Et ] be the Fp-isomorphism classes of the rela-
tive curves. Note that for any two curves in an Fp isomorphism class are isomorphic over Fp. Therefore
by Theorem 1.2.7 we know that all elliptic curves in an Fp-isomorphism class have the same j-invariant.
Let j = j([E]) = j(E), and let j t = j([Et ]) = j(Et). However, note that E and Et are isomorphic over Fp

therefore we know that j = j t . Thus come to the realization that a j invariant does not identify only one
Fp-isomorphism class, but rather two Fp-isomorphism classes.

To distinguish between vertices with the same j-invariant, we will denote one of them as u j and the other
w j. Note that in this case if j ̸= 1728, then w j is the vertex representing the Fp isomorphism class of the
quadratic twist of an elliptic curve in the Fp isomorphism class represented by the vertex u j. If j = 1728,
then w j is instead the vertex representing the Fp isomorphism class of the quartic twist of an elliptic curve
in the Fp isomorphism class represented by the vertex u j.

We will soon cover this in section 1.4, however, in Gℓ(Fp) there are rarely any multi-edges or loops. Further-
more, it is most common that for every outgoing edge, there is only one incoming edge. Therefore, in most
cases, if u,w ∈V (Gℓ(Fp)) are adjacent, then we can identify the pair (u,w) and (w,u) with the singular edge
{u,w}. Therefore, if we say that “v and w are connected by an isogeny” we mean they are adjacent by the
pair (u,w) and (w,u). If we wish to be specific about which version of Gℓ(Fp) we are talking about, we will
use the simplified version of Gℓ(Fp), ϒ(Gℓ(Fp)) to show that we are talking about a graph with undirected
edges, no loops, and no multi-edges.

Lastly, we will generally notate distinct components of Gℓ(Fp) by U and W . However, this may be partially
misleading. We will come to find that it is not true that ua and wa are always on distinct components U and
W , and it is also not true that ua and wa will always be on the same component. However, (later we will
find that) in most cases ua and wa are on distinct components. Hence, we use the notation for U and W as
distinct components.

The spine:

Definition 1.3.1: Let F = {j ∈V (Gℓ(Fp))}. The spine of the supersingular ℓ-isogeny graph over the field
k is defined as the following subgraph of Gℓ(Fp):

S
p
ℓ :=Gℓ(Fp)−F

Taha Hedayat Page 15



Taha Hedayat The Spine of Supersingular Ell Isogeny graphs

1.4 Structure of Gℓ(Fp)

Delfs and Galbraith in their 2013 paper [DG16] described the shape of Gℓ(Fp) using notions as defined
below.

Definition 1.4.1: The Fp-isomorphism class of a supersingular elliptic curve E is said to be on the surface

if EndFp(E) = Z
[

1+
√
−p

2

]
. On the other hand, the Fp-isomorphism class of a supersingular elliptic

curve E is said to be on the floor if EndFp(E) = Z[
√
−p]. We think of the floor and surface as being

levels of the Gℓ(Fp) graph.

Definition 1.4.2: A supersingular Fp-isogeny φ : E → E ′ is said to be horizontal if EndFp(E)≃ EndFp(E
′).

If this equality does not hold, the isogeny is said to be vertical.

Using this we can identify the structure of Gℓ(Fp) as described in [DG16].

Definition 1.4.3: Let Q(
√
−d) be an imaginary quadratic field over Q. We denote that class number of

Q(
√
−d) by h(−d).

Theorem 1.4.4: The following cases describe the structure of Gℓ(Fp):

1.) Suppose p ≡ 1 (mod 4). Then there are h(−p) Fp-isomorphism classes of supersingular elliptic
curves over Fp, all being on the floor.

i. If ℓ = 2, then for every vertex there is a horizontal 2-isogeny going to a (not necessarily
distinct) vertex.

ii. If ℓ > 2 and the Legendre symbol
(−p

ℓ

)
= 1, then for every vertex there are two horizontal

ℓ-isogenies going to (not necessarily distinct) vertices.

2.) Suppose p ≡ 3 (mod 4). Then there are two levels in the supersingular isogeny graph.

i. If ℓ = 2, then we have two cases. One where p ≡ 3 (mod 8), and another where p ≡
7 (mod 8).
A. Suppose p ≡ 7 (mod 8). In this case, there exists h(−p) vertices on each level of the

graph. The surface and the floor are connected 1-to-1 with 2-isogenies, and on the
surface, we have two horizontal 2-isogenies from each vertex going to (not necessarily
distinct) vertices.

B. Suppose p ≡ 3 (mod 8). In this case, there exist h(−p) vertices on the surface and
3h(−p) vertices on the floor. For every isogeny on the surface, there are three 2-
isogenies to (not necessarily distinct) vertices on the floor. Furthermore, there are no
horizontal isogenies.

ii. If ℓ > 2 and the Legendre symbol
(−p

ℓ

)
= 1, then from each vertex there are two hori-

zontal ℓ-isogenies to (not necessarily distinct) vertices. There may or may not be vertical
ℓ-isogenies.

Proof: This is proven in [DG16, 2.7] ■
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Theorem 1.4.5: Let u ∈V (Gℓ(Fp)) such that p > ℓ, p is a prime, ℓ is a prime, and
(−p

ℓ

)
= 1. If u is on the

floor, then u has no loops. If u is on the surface, then u has a loop if and only if 4ℓ≥ p, p = 4c+3 for
some c ∈ Z>0, and ℓ= a2 +a+1+ c for some a ∈ Z.

Proof: Let E/Fp be an elliptic curve. Let φ : E → E be a degree ℓ isogeny defined over Fp. By definition we
know that φ ∈ EndFp(E). We know by [DG16] that if E is defined over Fp then EndFp(E) = Z[

√
−p]

or EndFp(E) = Z
[

1+
√
−p

2

]
. Let us explore these two cases.

Case 1: Suppose that EndFp(E) = Z[
√
−p]. As a result, we know that [E]Fp is on the floor of Gℓ(Fp).

Since φ ∈ EndFp(E) = Z[
√
−p], we know that there exists a,b ∈ Z such that φ = a+b

√
−p.

recall the fact that deg(φ) = N(φ) = φφ . Thus in our case we have

deg(φ) = φφ

ℓ= (a+b
√
−p)(a−b

√
−p)

ℓ= a2 +b2 p

Now, suppose in hopes of reaching a contradiction that b2 ≥ 1. Then

ℓ= a2 +b2 p ≥ a2 + p ≥ p

This contradicts our hypothesis of ℓ < p. Thus it must be that b2 = 0 ⇒ b = 0. Hence

ℓ= a2 +(0)2 p = a2

However, since ℓ is a prime number we know that ℓ cannot be a square of an integer. Hence we
have a contradiction. Thus we conclude that there are no loops in this case.

Case 2: Suppose that EndFp(E) = Z
[

1+
√
−p

2

]
. As a result, we know that [E]Fp is on the surface of

Gℓ(Fp). Since φ ∈ EndFp(E) = Z
[

1+
√
−p

2

]
we know that there exists a,b ∈ Z such that φ =

a+b
(

1+
√
−p

2

)
.
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Recall the fact that deg(φ) = N(φ) = φφ . Thus in our case we have

deg(φ) = φφ

ℓ=

[
a+b

(
1+

√
−p

2

)][
a+b

(
1−

√
−p

2

)]
ℓ= a2 +ab

(
1+

√
−p

2

)
+ab

(
1−

√
−p

2

)
+b2

(
(1+

√
−p)(1−

√
−p)

2

)
ℓ= a2 +ab

(
1+

√
−p+1−

√
−p

2

)
+b2

(
1+ p

4

)
ℓ= a2 +ab+

b2(1+ p)
4

(1)

4ℓ= 4a2 +4ab+b2(1+ p)

0 = 4a2 +4ab+b2(1+ p)−4ℓ

⇓ (by quadratic formula)

a =
−4b±

√
(4b)2 −4(4)(b2(1+ p)−4ℓ)

2(4)

a =
−4b±4

√
b2 − (b2(1+ p)−4ℓ)

8

a =
−b±

√
b2 −b2 −b2 p+4ℓ

2
2a =−b±

√
4ℓ−b2 p

As a result we know
√

4ℓ−b2 p ∈ Z. Since
√

4ℓ−b2 p ∈ Z⊆ R we know

4ℓ−b2 p ≥ 0

4ℓ≥ b2 p

Now, suppose in hopes of reaching a contradiction that b2 ≥ 4. As a result of this supposition we
know that 4ℓ ≥ b2 p ≥ 4p ⇒ ℓ ≥ p which contradicts our supposition that p > ℓ. Now instead,
suppose in hopes of reaching a contradiction that b = 0. Then from (1) we know that

ℓ= a2 +ab+
b2(1+ p)

4
= a2 +a(0)+

(0)2(1+ p)
4

= a2

Which contradicts the primality of ℓ. Hence we know that b =±1 and 4ℓ≥ p.

Case 2.1 Suppose that b = 1 and 2a =−b+
√

4ℓ−b2 p. In this case we know

2a =−1+
√

4ℓ− p

2a+1 =
√

4ℓ− p (2)

(2a+1)2 = 4ℓ− p

4a2 +4a+1 = 4ℓ− p

Now, recall that E is on the surface. From Theorem 1.4.4 we know that p ≡ 3 (mod 4).
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Hence we know that there exists c ∈ Z>0 (since p > 3) such that p = 4c+3. Thus we have

4ℓ− p = 4a2 +4a+1

4ℓ− (4c+3) = 4a2 +4a+1

4ℓ−4c−3 = 4a2 +4a+1

4ℓ= 4a2 +4a+4+4c

ℓ= a2 +a+1+ c

Note that (2) implies that a ≥ 0. Hence we know that in this case, if φ is a loop on E, then
there exists a ∈ Z≥0, c ∈ Z>0 such that p = 4c+3 and

φ = a+
1+

√
−p

2
and ℓ= a2 +a+1+ c

Case 2.2: Suppose b =−1 and 2a =−b+
√

4ℓ−b2 p. In this case we have:

2a = 1+
√

4ℓ− p

2a−1 =
√

4ℓ− p

2a−2+1 =
√

4ℓ− p

2(a−1)+1 =
√

4ℓ− p

Note that if we replace a− 1 with d, then we know 2d + 1 =
√

4ℓ− p. This is exactly
Case 2.1. Hence we know that there exists c ∈ Z>0, d ∈ Z≥0 a−1 ∈ Z≥0 ⇒ a ∈ Z≥1 such
that p = 4c+3, φ = a− 1+

√
−p

2 , and

ℓ= d2 +d +1+ c

= (a−1)2 +(a−1)+1+ c

= a2 −2a+1+a−1+1+ c

= a2 −a+1+ c

Case 2.3 Suppose b = 1 and 2a =−b−
√

4ℓ−b2 p. In this case we have

2a =−1−
√

4ℓ− p

2a+1 =−
√

4ℓ− p (3)

−2a−1 =
√

4ℓ− p

−2a−2+1 =
√

4ℓ− p

2(−a−1)+1 =
√

4ℓ− p

Note that by (3) we know that a ∈ Z≤−1 ⇒−a−1 ∈ Z≥0. Thus if we replace −a−1 with
d, we would again be in Case 2.1. Hence we know that there exists c ∈ Z>0, a ∈ Z≤−1 such
that p = 4c+3, φ = a+ 1+

√
−p

2 , and

ℓ= (−a−1)2 +(−a−1)+1+ c

= a2 +a+1+ c
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Case 2.4: Suppose b =−1 and 2a =−b−
√

4ℓ−b2 p. In this case we have

2a = 1−
√

4ℓ− p

2a−1 =−
√

4ℓ− p

−2a+1 =
√

4ℓ− p

2(−a)+1 =
√

4ℓ− p

Note that if we replace −a with d, then we know that we are in Case 2.1, and hence we
know that there exists c ∈ Z>0, a ∈ Z≤0 such that p = 4c+3, φ = a− 1+

√
−p

2 , and

ℓ= d2 +d +1+ c

= (−a)2 +(−a)+1+ c

= a2 −a+1+ c

Putting all of our results together, we know that if φ is a loop on a vertex on the surface, then
4ℓ > p and there exists x,y ∈ Z, z ∈ Z>0 such that p = 4z+3 and

φ = x+
1+

√
−p

2
and ℓ= x2 + x+1+ z (4)

or,

φ = y− 1+
√
−p

2
and ℓ= y2 − y+1+ z (5)

However, note that if we find an x ∈ Z such that ℓ= x2 + x+1+ z, then we have

(x+1)2 − (x+1)+1+ z = x2 +2x+1− x−1+1+ z

= x2 + x+1+ z

= ℓ

hence (4) implies (5). Similarly, if we find a y ∈ Z such that ℓ= y2 − y+1+ z, then we have

(y−1)2 +(y−1)+1+ z = y2 −2y+1+ y−1+1+ z

= y2 − y+1+ z

= ℓ

hence (5) implies (4).

Note that since our proof in this section has only had a progression of if and only if statements,
we know that we have proven this case.

Thus we can conclude that we have proven the statement in all of its cases.

■

Corollary 1.4.6: If E/Fp is an elliptic curve, then there either exists exactly 0 endomorphisms of degree ℓ,
or there exists exactly 4 endomorphisms of degree ℓ.

Proof: The proof follows from the separate cases in the proof of 1.4.5. ■
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Corollary 1.4.7: Let p > ℓ both primes (p > 3) such that p ≡ 3 (mod 4). Let c ∈ Z>0 such that p = 4c+3.
Suppose we try to find a solution to one of the following Diophantine equations

ℓ= x2 + x+1+ c ℓ= x2 − x+1+ c (6)

If there does not exist a solution to one of the above Diophantine equations, then there are no loops in
Gℓ(Fp). If there exists a ∈ Z that satisfied one of the Diophantine equations above, then the following
are endomorphisms of degree ℓ

φ = xφ +
1+

√
−p

2
, ψ = xψ +

1+
√
−p

2
, γ = xγ −

1+
√
−p

2
, δ = xδ −

1+
√
−p

2

where xφ ,xψ ,xγ ,xδ can be found by following the following table:

Which
diophantine

equations did you
find a solution

for?

which of the two
stemming options

is true for the
solution you

found?

xφ xψ xγ xδ

ℓ= x2 + x+1+ c
a ≥ 0 a −a−1 a+1 −a

a ≤−1 −a−1 a −a a+1

ℓ= x2 − x+1+ c
a ≥ 1 a−1 −a a −a+1
a ≤ 0 −a a−1 −a+1 a

Proof: If there was no solution to any of the Diophantine equations then we know that the conditions for
Theorem 1.4.5 are not satisfied and hence there are no loops in Gℓ(Fp). In the other case where we
were able to find a solution to one of the Diophantine equations, we then would be in one of the cases
in the proof of Theorem 1.4.5, namely Case 2.1 through Case 2.4. From there we simply need to find
the approapriate transformation to find ourselves in each of the other cases. We can verify that the
variable transformations provided in Table 1.4.7 put us in the appropriate cases. ■

Corollary 1.4.8: Let p > ℓ and p ≡ 3 (mod 4). If u ∈ V (Gℓ(Fp)) has a loop, then u has exactly two loops
and these two loops are duals of each other.

Proof: Suppose p > ℓ, p ≡ 4 (mod 4), and u ∈ V (Gℓ(Fp)) has a loop. By Theorem 1.4.5 we know that
there exists x ∈ Z such that ℓ = x2 + x+1+ c, where c ∈ N, p = 4c+1. By Corollary 1.4.7 we can
restrict x such that x ∈ N0. This way we know that the only endomorphisms of degree ℓ are

φ = x+
1+

√
−p

2
, ψ =−x−1+

1+
√
−p

2
, γ = x+1− 1+

√
−p

2
, δ =−x− 1+

√
−p

2

Note that φ = −δ and γ = −ψ . Hence φ is equivalent to δ and γ is equivalent to ψ . Hence u has
a maximum of 2 loops. Furthermore, note that φ and γ are not equivalent to each other since they
are not the same element of EndFp(u), nor are they negatives of each other. Hence u has exactly two
loops.
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Consider the following:

φγ =

(
x+

1+
√
−p

2

)(
x+1− 1+

√
−p

2

)
= x(x+1)− x

(
1+

√
−p

2

)
+(x+1)

(
1+

√
−p

2

)
−
(

1+
√
−p

2

)2

= x2 + x+
1+

√
−p

2
− 1− p+2

√
−p

4

= x2 + x+
1+

√
−p

2
+

p−1
4

−
√
−p
2

= x2 + x+
1+

√
−p

2
+

p−1
4

−
√
−p
2

− 1
2
+

1
2

= x2 + x+
1+

√
−p

2
− 1+

√
−p

2
+

p+1
4

= x2 + x+
p+1

4

= x2 + x+
4c+3+1

4
= x2 + x+ c+1

= ℓ

Hence we know that φ and γ are duals of each other. ■

Lemma 1.4.9: For α ∈ Z>0, f (x) = x2 + x−α has integer roots if and only if α = ⌊
√

α⌋(⌊
√

α⌋+1).

Proof: Let α ∈ Z>0. Note that 0 = x2 + x−α ⇔ α = x(x+ 1). Hence α has integer factors that are one
apart. This implies that the backward direction of the statement holds. Now let us prove the forward
direction. Let x ∈ Z such that x(x+ 1) = α . Note that it must be that x > 0 since α > 0. Consider
⌊
√

α⌋. Note that if α = 1 then we would have a contradiction on the fact that 1 ̸= x(x+ 1) for any
positive integer x. Similarly, we know that α cannot be equal to 3. If α = 2 then 2 = ⌊

√
2⌋(⌊

√
2⌋+1).

Thus we see that for α = 1,2,3, the forward direction is true. Thus, let us suppose α > 3. As a result
we know that ⌊

√
α⌋> 1 ⇒ ⌊

√
α⌋−1 > 0. An important fact to recall is

√
α −1 < ⌊

√
α⌋ ≤

√
α

Now by the ordering of the real numbers, we know that x < ⌊
√

α⌋,x > ⌊
√

α⌋, or x = ⌊
√

α⌋.

Suppose in hopes of reaching a contradiction that x < ⌊
√

α⌋. Then we have

α = x(x+1)

< ⌊
√

α⌋(⌊
√

α⌋+1)

= ⌊
√

α⌋2 + ⌊
√

α⌋

≤
√

α
2
+ ⌊

√
α⌋

= α + ⌊
√

α⌋
< α

hence we get α < α which is a contradiction.
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Now instead, suppose in hopes of reaching a contradiction that x > ⌊
√

α⌋. Then we have

α = x(x+1)

> ⌊
√

α⌋(⌊
√

α⌋+1)

> (
√

α −1)(
√

α −1+1)

= α −
√

α

> α

hence we get α > α which is a contradiction.

Thus we conclude that x = ⌊
√

α⌋ and thus the lemma is proven. ■

Corollary 1.4.10: Let p and ℓ be primes satisfying ℓ < p < 4ℓ and p > 3. Gℓ(Fp) has loops if and only if

ℓ− c−1 = ⌊
√
ℓ− c−1⌋ ·

(
⌊
√
ℓ− c−1⌋+1

)
where c ∈ Z>0 such that p = 4c+3.

Proof: The corollary follows from combining Lemma 1.4.9 and Theorem 1.4.5. ■

Using the easy computation provided by Corollary 1.4.10 we can compute the p values which would result
in Gℓ(Fp) having loops for a given ℓ value. We have computed the list of p values which result in Gℓ(Fp)
having loops for all ℓ less than 100 in the following table
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ℓ
Which values of p result
in Gℓ(Fp) having loops

2 7
3 11
5 11, 19
7 19
11 19, 43
13 43
17 19, 43, 59, 67
19 67
23 43, 67, 83
29 67, 107
31 43
37 67, 139
41 43, 83, 139, 163
43 163
47 67, 107, 139, 163, 179
53 131, 163, 211
59 67, 211, 227
61 163
67 No such p values exist
71 163, 283
73 211, 283
79 307

83
107, 163, 211, 251, 283,

307, 331
89 131, 307, 331, 347
97 163, 307, 379

Table 1: List of p values which result in Gℓ(Fp) having a loop given a particular ℓ value for all ℓ smaller
than 100.
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Now instead of only loops we will expand our view to multi-edges. Suppose that E/Fp,E ′/Fp are super-
singular elliptic curves. Furthermore, suppose that there exist two nonequivalent isogenies of degree ℓ both
having domain E and codomain E ′ and both being defined over Fp, call these isogenies φ and ψ . Recall
that we know a dual isogeny exists for both φ and ψ , notated φ̂ and ψ̂ . Note that we know that each dual is
unique, hence we know φ̂ is nonequivalent to ψ̂ .

Recall that by definition φ̂ is the unique map such that φφ̂ = ℓ, and the same is true form ψψ̂ = ℓ. Therefore,
it must be true that φψ̂ ̸= ℓ. Therefore there must exist an element of EndFp(E) that is not the ℓ multiplication
map and has degree ℓ2. Using this we can use the norm equation for each endomorphism ring to find which
values of p and ℓ imply a multi-edge within Gℓ(Fp). If there exists a multi-edge with the domain being on
the floor, then there must exist a,b ∈ Z such that

ℓ2 = a2 +b2 p (1)

And if there exists a multi-edge with the domain being on the surface, then there must exist a,b ∈ Z such
that

ℓ2 = a2 +ab+b2(1+ c) (2)

where p = 4c+ 3. With this we can find bounds for (1) and (2). We find that in order for there exist a
solution for (1), we require 0 < a ≤ ℓ and 0 < b ≤

√
ℓ, and ℓ < p < ℓ2. On the other hand, we find that

in order for there to exist a solution for (2), we require 0 < a ≤ ℓ and −
√
ℓ ≤ b < 0 or 0 < b ≤

√
ℓ, and

ℓ < p < 4ℓ2. Using these bounds we can find p and ℓ values that would result in a multi-edge in Gℓ(Fp), as
given in table 2.

Note that by table 2 we can see that surface multi-edges happen only when loops happen. Furthermore, we
can also see that multi edges happen on the surface only when p ≡ 3 (mod 4). However, this we have not
proven. An thus we provide the following three conjectures:

Conjecture 1: If there exists a multi-edge of degree ℓ on the floor of Gℓ(Fp), then p ≡ 1 (mod 4).

Conjecture 2: There exists a multi-edge of degree ℓ on the surface of Gℓ(Fp) if and only if the multi-edge
is created from loops.

Conjecture 3: If there exists a solution to the Diophantine equation ℓ2 = a2+ab+b2(1+c) for p = 4c+3,
then b is odd.

The reason we state the third conjecture is because if b could be even then we would have a multi-edge in
the surface and the floor at the same time which would contradict conjectures 1 and 2.

1.5 Miscellaneous facts

Let us look at some well-known facts about Gℓ(Fp).

Theorem 1.5.1: The following are information that are well known about Gℓ(Fp)

(a) Gℓ(Fp) is a directed graph with loops and no non-directional edges.
(b) Let j ∈V (Gℓ(Fp)), then +d j = ℓ+1. If j /∈ N0 and j /∈ N1728 then −d j = ℓ+1. In this way (in

most cases), most vertices in Gℓ(Fp) have the same out-degree and in-degree. Hence Gℓ(Fp) is
referred to as an (ℓ+1)-regular graph1.

1Note that Gℓ(Fp) is not a true (ℓ+ 1)-regular graph. For an integer n, G is an n-regular directed graph if for every vertex
v ∈V (G), +dv = −dv = n. This is not the case for Gℓ(Fp). However, Gℓ(Fp) is a true (ℓ+1)-out-regular graph.
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Value of ℓ
p values which result in a
multi-edge with domain

in the floor

p values which result in a
multi-edge with domain

on the surface
2 NA 7
3 NA 11
5 NA 11, 19
7 13 19

11 13 19, 43
13 17 43
17 NA 19, 43, 59, 67
19 29, 37 67
23 37 43, 67, 83
29 NA 67, 107
31 37, 53, 61 43
37 73 67, 139
41 73 43, 83, 139, 163
43 61 163
47 NA 67, 107, 139, 163, 179
53 97 131, 163, 211
59 109 67, 211, 227
61 73, 97, 113 163
67 109 NA
71 NA 163, 283
73 97, 137 211, 283
79 109, 149, 157 307

83 157
107, 163, 211, 251, 283,

207, 311
89 97 131, 307, 331, 347
97 113, 193 163,307,379

Table 2: List of values of ℓ and p that result in a multi-edge in Gℓ(Fp). Note that “NA” means that no such
combinations exist
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(c) Gℓ(Fp) is a strongly connected component of the general ℓ isogeny graph.

(d) S
p
ℓ is a strongly connected subgraph of Gℓ(Fp)

(e) The number of vertices in Gℓ(Fp) are as follows:

|V (Gℓ(Fp))|=
⌊ p

12

⌋
+


0 if p ≡ 1 (mod 12)
1 if p ≡ 5,7 (mod 12)
2 if p ≡ 11 (mod 12)

Note that as a result of Theorem 1.5.1 (c) and (d) we know that ecc+(u) = ecc−(u) for all u ∈V (Gℓ(Fp)).
Hence we can simply refer to the eccentricity of a vertex and the distance between two vertices in this graph.

Now let us look at some other facts about Gℓ(Fp).

Theorem 1.5.2: Let j0 ∈ k. Then there exists an elliptic curve E defined over the field k( j0) such that
j(E) = j0.

Theorem 1.5.3: 0∈V (Gℓ(Fp))⇐⇒ p≡ 2 (mod 3), otherwise 0 is ordinary. Furthermore, 1728∈V (Gℓ(Fp))⇐⇒
p ≡ 3 (mod 4), otherwise 1728 is ordinary.

Proof: This is proven in [Sil09, V, 4.4] and [Sil09, V, 4.5]. ■

Theorem 1.5.4: Gℓ(Fp) has no loops if and only if the Legendre symbol
(

s2−4ℓ
p

)
= 1 for all s ∈ N0 such

that s2 ≤ 4ℓ.

Proof: This is proven in [Gha24, Theorem 3.1] ■

Corollary 1.5.5: G2(Fp) has no loops if and only if:

p ≡ 1,9, or 25 (mod 56)

Proof: This is proven in [Gha24, Example 3.3] ■

Corollary 1.5.6: G3(Fp) has no loops if and only if:

p ≡ 1,25,49,67,91,97,115,163,169, or 235 (mod 264)

Proof: This is proven in [Gha24, Example 3.4] ■

Theorem 1.5.7: Gℓ(Fp) has no multi-edges if and only if p ≡ 1 (mod 12) and
(

s2−4ℓ2

p

)
= 1 for all s ∈ N

such that s2 < 4ℓ2

Proof: This is proven in [Gha24, Theorem 3.5] ■
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Corollary 1.5.8: G2(Fp) has no multi-edges if and only if:

p ≡ 1,109,121,169,289, or 361 (mod 420)

Proof: This is proven in [Gha24, Example 3.5] ■

Corollary 1.5.9: G3(Fp) has no multi-edge if and only if:

p ≡ 1,169,289,361,529,841,961,1369,1681,1849,2209,2641,2689,

2809,3481,3529,3721,4321,4489,5041,5329,5569,6169,6241,

6889,7561,7681,7921,8089, or 8761 (mod 9240)

Proof: This is proven in [Gha24, Example 3.6] ■

Corollary 1.5.10: G2(Fp) has no loops nor multi-edges if and only if:

p ≡ 1,121,169,289,361, or 529 (mod 840)

Proof: Let p be a prime such that the following hold:

p ≡ m (mod 420) and p ≡ n (mod 56)

for some m,n ∈ Z such that 0 ≤ m ≤ 419, and 0 ≤ n ≤ 55. This by the definition of modulo classes
implies that there exists a,b ∈ Z such that:

p = 420a+m and p = 56b+n

From this we get the following:

p = p

420a+m = 56b+n

n−m = 420a−56b

n−m = 28(15a−2b)

n = 28(15a−2b)+m

Let 15a−2b = c. Now since 0 ≤ n ≤ 55, we have the following

0 ≤ n ≤ 55

0 ≤28c+m≤ 55

−m ≤ 28c ≤ 55−m
−m
28 ≤ c ≤ 55−m

28

Therefore, if we now know m, then we can find c, and hence we can find n.

Suppose that Gℓ(Fp) has no multiedges. Then we have the following cases:
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Case 1: Suppose p≡ 1 (mod 420) (AKA: m= 1). We know that −1
28 ≤ c≤ 55−1

28 ⇒−0.0357 . . .≤ c ≤ 1.928 . . .⇒
c = 0 or 1. If c = 0, then n = 28(0)+1 = 1. If c = 1, then n = 28(1)+1 = 29. Since we wish
to have n such that Gℓ(Fp) has no loops as well as no multi-edges, then it must be that n = 1.

Case 2: Suppose m = 109. Via a similar approach as in Case 1 we find that n = 25

Case 3: Suppose m = 121. Then n = 9

Case 4: Suppose m = 169. Then n = 1

Case 5: Suppose m = 289. Then n = 9

Case 6: Suppose m = 261. Then n = 25

Now in order solve the system of equations p≡m (mod 420)⇐⇒ p= 420x+m, p≡ n (mod 56)⇐⇒
p = 56y+n, we need only to solve the Diophantine equations

15x+2y =
m−n

28

By solving the Diophantine equation in each case we have the following:

Case 1: 15x+2y = 0 ⇒ x =−2d,y = 15d,d ∈Z. Thus p = 420x+1 = 420(−2d)+1 = 840(−d)+1 ⇒
p ≡ 1 (mod 840)

Case 2: 15x+2y = 3 ⇒ x = 3+2d,y =−21−15d,d ∈ Z. Thus p = 420(3+2d)+109 = 840(d+1)+
529 ⇒ p ≡ 529 (mod 840)

Case 3: 15x+2y = 4 ⇒ x = 4+2d,y =−28−15d,d ∈ Z. Thus p = 420(4+2d)+121 = 840(d+2)+
121 ⇒ p ≡ 121 (mod 840)

Case 4: 15x+2y = 6 ⇒ x = 6+2d,y =−42−15d,d ∈ Z. Thus p = 420(6+2d)+169 = 840(d+3)+
169 ⇒ p ≡ 169 (mod 840)

Case 5: 15x+2y = 10 ⇒ x = 10+2d,y =−70−15d,d ∈ Z. Thus p = 420(10+2d)+289 = 840(d +
5)+289 ⇒ p ≡ 289 (mod 840)

Case 6: 15x+2y = 12 ⇒ x = 12+2d,y =−84−15d,d ∈ Z. Thus p = 420(12+2d)+361 = 840(d +
6)+361 ⇒ p ≡ 361 (mod 840)

Putting all the cases together we get p ≡ 1,121,169,289,361, or 529 (mod 840). Thus we have
shown the forward implication. The backwards implication is easy to see. Hence we have proven the
statement. ■

Corollary 1.5.11: If G3(Fp) has no multi-edges, then G3(Fp) has no loops.

Proof: Note that the conditions of G3(Fp) not having any loops is encompassed by the conditions of G3(Fp)
not having any multi-edges. Hence if G3(Fp) has no multi-edges, then it has no loops. ■

Corollary 1.5.12: G3(Fp) has no loops nor multi-edges if and only if:

p ≡ 1,169,289,361,529,841,961,1369,1681,1849,2209,2641,2689,

2809,3481,3529,3721,4321,4489,5041,5329,5569,6169,6241,

6889,7561,7681,7921,8089, or 8761 (mod 9240)
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Proof: The proof follows from Corollary 1.5.11. ■

Theorem 1.5.13: In G2(Fp), only the following j-invariants have loops:

j =−3375: This j-invariant has two distinct loops. Note that −3375 is supersingular if and only if p ≡ 3,5,
or 6 (mod 7).

j = 1728: This j-invariant has a singular loop. (refer to Theorem 1.5.3 for when 1728 is supersingular).

j = 8000: This j-invariant has a singular loop. Note that 8000 is supersingular if and only if p ≡ 5 or
7 (mod 8).

Furthermore, in G2(Fp), on the following j-invariants have multi-edges:

j =−3375: This j-invariant has two distinct loops.

j = 0: There exist three distinct edges of the form (0,54000).

j = 1728: There exists two distinct edges of the form (1728,287496)

j: If j is a root of the polynomial

x2 +191025x−121287375

then j has two outgoing edges to the same vertex.

Proof: This is proven in [Arp+23, Section 2.2] ■

Theorem 1.5.14: Let p > 5, and let E/Fp be a supersingular elliptic curve. Then

EndFp(E) = Z
[

1+
√
−p

2

]
⇐⇒ E[2]⊆ E(Fp)

Proof: This is proven in [Arp+23, Lemma 3.6] ■

Corollary 1.5.15: Let p > 5, and let E/Fp be supersingular. If p ≡ 1 (mod 4), then E[2] ̸⊆ E(Fp).

Proof: This is followed by combining Theorem 1.5.14 and Theorem 1.4.4. ■

Theorem 1.5.16: Let E/Fp be an elliptic curve and let Et/Fp be its quadratic twist. Then

EndFp(E)≃ EndFp(E
t)

Proof: This is proven in [Arp+23, Corollary 3.7] ■

Theorem 1.5.17: If p ≡ 3 (mod 4), then u1728,w1728 ∈ V (Gℓ(Fp)) are places such that u1728 is on the floor
and w1728 is on the surface.

Proof: This is proven in [Arp+23, Example 3.8] ■
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Corollary 1.5.18: If j ̸= 1728, then either both u j,w j ∈ V (Gℓ(Fp)) are on the surface, or they are both on
the floor.

Proof: We know from Theorem 1.2.20 that for each u j ∈ V (Gℓ(Fp)), there exists exactly one twist w j ∈
V (Gℓ(Fp)). If j ̸= 1728, then w j is the quadratic twist of u j, and if j = 1728, then w j is the quartic
twist of v j. Then the statement follows from Theorem 1.5.16 and Theorem 1.5.17. ■

1.6 Structure of the Spine

Note that we defined the spine to be a subgraph of Gℓ(Fp) by removing all vertices not in Fp and their
incident edges. However, we can make the spine using Gℓ(Fp) in the following way:

1. Construct the graph Gℓ(Fp),

2. Identify each pair of vertices with the same j-invariant, v j, w j as a singular vertex j.

3. Identify the existing equivalent edges (isogenies) with their equivalent edges over Fp.

4. Add any edges defined over Fp that have both end vertices in Fp.

There is a strong relationship between the structure of the spine and the Gℓ(Fp) graph. To be able to describe
the structure of the spine we need to understand what happens when we go from Gℓ(Fp) to S

p
ℓ . In order to

communicate this let us define the following.

Definition 1.6.1: Let Γ : Gℓ(Fp)→ Gℓ(Fp) such that Γ([E]Fp) = [E]Fp
and Γ([φ ]Fp) = [φ ]Fp

. Furthermore,

define Θ : Im(Γ) → Gℓ(Fp) such that if two vertices in Im(Γ) have isogenies of degree ℓ between
them that are not defined over Fp, then Θ adds those edges into the graph Im(Γ). Lastly define
Ω : Gℓ(Fp)→ S

p
ℓ such that Ω = Θ◦Γ.

Note in the process of going from Gℓ(Fp) to S
p
ℓ , Γ is describing steps 2 and 3, while Θ is describing step 4.

Theorem 1.6.2: Let E/Fp be an elliptic curve with j(E) ̸= 0,1728. Suppose that there are two ℓ-isogenies,
φ and ψ , defined over Fp with domain E. Then φ is equivalent to ψ over Fp if and only if φ is
equivalent to ψ over Fp.

Proof: This is proved in [Arp+23, Lemma 3.10]. ■

Note that this theorem implies that for any uj,ub,uc ∈Gℓ(Fp), if {uj,ub},{uj,uc} ∈ E(Gℓ(Fp)), are distinct
edges (where b and c are not necessarily distinct), then there exist distinct edges (j,b) and (j,c) in E(Gℓ(Fp))
and vice versa.

Definition 1.6.3: Define the map

Λ : ϒ(Gℓ(Fp))→ ϒ(Gℓ(Fp)) such that ua 7→ wa, and {ua,ub} 7→ {wa,wb}

for all supersingular a,b ∈ Fp. Let U and W be distinct components of ϒ(Gℓ(Fp)).
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(a) If Λ|U is a graph isomorphism and Im(Λ|U) =W , then we say that U and W stack.

(b) If there exists u ∈V (U) such that Λ(u) ∈V (U), then we say that U folds.

(c) Suppose a and b are distinct supersingular j invariants in Fp. Furthermore, suppose G and H
are distinct components of Γ(Gℓ(Fp)) such that a ∈ V (G) and b ∈ V (H). If it is the case such
that (a,b) /∈ E (Γ(Gℓ(Fp))), but (a,b) ∈ E(Sp

ℓ ), then we say that the two components U and W
become attached by a new edge.

(d) If ua ∈V (U), wa ∈V (w), and j(Nua) ̸= j(Nwa), then we say that the two components U and W
become attached along a j-invariant a.

Remark: Notice the following result from the above definitions:

• Definitions (a), (b), and (d) describe what happens to the structure of Gℓ(Fp) as Γ is applied to
it.

• Definition (c) is describing what happens to Γ(Gℓ(Fp)) as Θ is applied to it.

• Suppose two components U,W ⊆ Gℓ(Fp) stack with each other. As a result we know that for
any a,b ∈ Fp not equal to 0 or 1728, ua,ub ∈ V (U), if (ua,ub) ∈ E(U), then (wa,wb) ∈ E(W ).
Furthermore, we know that there only exists one edge of the form (a,b) ∈ Γ(U ∪W ). In other
words, edges stack.

• Suppose U ⊆ Gℓ(Fp) is a component which folds. Due to a result in [Arp+23] we know that
U is a symmetric component. Hence we know that for any a,b ∈ Fp not equal to 0 or 1728,
ua,ub ∈V (U) if (ua,ub) ∈ E(U), then (wa,wb) ∈ E(U). Furthermore, we know that there exists
a single edge (in the case where (ua,ub) is not a multi-edge) of the form (a,b) ∈ E(Γ(U)). In
other words, when a component folds, the edges fold as well.

Theorem 1.6.4: A component of Gℓ(Fp) stacks if and only if it does not fold

Proof: Let us prove the statement in both directions:

(⇒) Let U be a component of Gℓ(Fp), and suppose U stacks. This by definition implies that there
exists a distinct component W of Gℓ(Fp) such that Λ|U is an isomorphism from U to W which
sends a vertex to its unique twist. Hence we know that for all u ∈ V (U), the twist of u exists
on a distinct component. Now suppose in hopes of reaching a contradiction that U folds. By
definition, this supposition implies that there exists a vertex u0 ∈V (U) such that Λ(u0) ∈V (U).
In other words, a vertex exists that has a twist on the same component. This contradicts our
earlier result that every vertex on U has its twist on a distinct component. Thus we conclude that
if U stacks, then U cannot fold.

(⇐) Let U be a component of Gℓ(Fp), and suppose U folds. This by definition implies that there
exists a vertex u0 ∈ V (U) such that Λ(u0) ∈ V (U). In other words, there exists a vertex in U
such that its twist is also in U . Now, suppose in hopes of reaching a contradiction that U stacks.
By definition, this supposition implies that there exists a distinct component W of Gℓ(Fp) such
that Λ|U is a graph isomorphism from U to W . In other words, every vertex of U has its twist on
a distinct component W . This contradicts our result with u0. Hence we conclude that if U folds,
then it cannot stack.

■
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Theorem 1.6.5: Let a,b ∈ V (Γ(Gℓ(Fp))) be two vertices such that when Θ is applied, there exists a new
edge e = (a,b), with a ̸= 0,1728. Then there exist two distinct edges of the form (a,b).

Proof: This is proved in [Arp+23, Lemma 3.14]. ■

Corollary 1.6.6: For j ∈V (Γ(Gℓ(Fp))), j ̸= 0,1728, a maximum of ℓ+1
2 edge attachments involving j can

take place.

Proof: If there are more than ℓ+1
2 edge attachments incident to the same vertex j ̸= 0,1728, then j would

need to have an out-degree larger than ℓ+ 1, by Theorem 1.6.5. This violates the maximum out-
degree property of Gℓ(Fp). ■

Theorem 1.6.7: The only p values that result in S
p
ℓ being a graph of a single vertex are p = 2,3,5,7,13,37.

Proof: We know by [DG16] that if p > 3 then

∣∣V (Sp
ℓ )
∣∣=


1
2 h(−4p) if p ≡ 1 (mod 4)
h(−p) if p ≡ 7 (mod 8)
2h(−p) = if p ≡ 3 (mod 8)

where h(d) is the class number of the imaginary quadratic field Q(
√

d). It has been proved by Baker,
Stark, and Heegner that the square free numbers which result in a discriminant d such that h(d) = 1
are the numbers

{−1,−2,−3,−7,−11,−19,−43,−67,−163}

Furthermore, it was proved by Baker and Stark that the square free numbers which result in a discrim-
inant d such that h(d) = 2 are the numbers:

{−5,−6,−10,−13,−15,−22,−35,−37,−51,−58,−91,−115,−123,−187,−235,−267,−403,−427}

Note that the potential p values in the first set are {2,3,7,11,19,43,67,163}. However, by the above,
we know that each prime would result in a single vertex if and only if p ≡ 7 (mod 8), and the only
prime in this set which has that property is 7. Thus we know that S7

ℓ is a single vertex. On the other
hand, the potential values of p in the set of square-free numbers which result in a discriminant d such
that h(d) = 2 are {5,13,37}. By the above, we know that each prime would result in a single vertex
if and only if p ≡ 1 (mod 4) which holds true for all of them. Hence we know that S5

ℓ ,S
13
ℓ ,S37

ℓ are
single vertices. Hence the p values that result in S

p
ℓ having only one vertex are p = 5,7,13,37. We

know that these will be the only such primes, due to the fact that we would need h(−4p) = 2 or
h(−p) = 1 depending on the congruence class of p.

Now suppose p = 2, we know that there exists only one supersingular elliptic curve shown by [Sil09,
p. V4. 148]. Furthermore, we also know that for p = 3 there only exists a singular supersingular
elliptic curve as shown by [Sil09, V4, 4.1]. Thus in both of those cases, Sp

ℓ =Gℓ(Fp), and there only
exists one vertex. ■

For this subsection suppose ℓ > 2:
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Theorem 1.6.8: Suppose an attachment along a j-invariant has taken place. Then:

(a) The attachment happened for j = 1728.

(b) Nu1728(Gℓ(Fp)) = {ua,wa}, and Nu1728(Gℓ(Fp)) = {ub,wb} for some a,b ∈ Fp2 .

Proof: This is proved in [Arp+23, Proposition 3.16]. ■

Theorem 1.6.9: Let a ̸= 0,1728. If Nua(Gℓ(Fp)) = {ub,uc} then Nwa(Gℓ(Fp)) = {wb,wc}.

Proof: This is proved in [Arp+23, Lemma 3.17]. ■

Theorem 1.6.10: If
(−p

ℓ

)
= −1, then all components stack. On the other hand, if

(−p
ℓ

)
= 1 and p ≡

3 (mod 4) then the components containing 1728 fold and get (vertex) attached by 1728.

Proof: This was proved in [Arp+23, Theorem 3.18] ■

Theorem 1.6.11:
(−p

3

)
=−1 if and only if all components stack. On the other hand, if

(−p
3

)
= 1 then while

passing from Gℓ(Fp) to S
p
ℓ the following hold:

(a) p ≡ 3 (mod 4) if and only if the distinct components containing u1728, w1728 fold and then get
attached along the j invariant 1728. The component containing u1728 contains both u0 and w0,
and the component containing w1728 contains both u54000 and w54000. These two components are
the only components that get attached by a vertex, and they are the only components which fold.

(b) p ≡ 1 (mod 4) if and only if there is a single component that contains u0,w0,u54000, and w54000.
This component is the only component that folds.

(c) All other components stack.

Proof: This is proved in [Arp+23, Theorem 3.21]. ■

Corollary 1.6.12: If vertex attachment takes place for ℓ= 3, then at least one component is folded. But the
converse does not hold true.

Proof: This fact follows from combining (a) and (b). ■

Corollary 1.6.13: No component folds or stacks if and only if there are no edges in G3(Fp).

Proof: Note that this follows from the above and the fact that
(−p

3

)
= −1 if and only if there are no edges

in G3(Fp) as proved in Theorem 1.4.4. ■

Corollary 1.6.14: Suppose
(−p

ℓ

)
=−1. If there exists j, j’∈ Fp such that (j, j’) is an edge in S

p
ℓ , then a new

edge was added between j and j’ by Θ. Hence (j, j’) is a multi-edge.
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Proof: Suppose
(−p

ℓ

)
=−1. This results in there being no isogenies of degree ℓ defined over Fp in Gℓ(Fp).

In other words, there are no edges in Gℓ(Fp). As a result, we know that there are also no edges in
Γ(Gℓ(Fp)). Now, suppose that there is an isogeny between two vertices in S

p
ℓ . We know that this

edge is not defined over Fp, hence Θ must have added it. By Theorem 1.6.5 we know that this edge
is actually a multi-edge. ■

Remark: Note Corollary 1.6.14 tells us that if there are any edges in S
p
ℓ when

(−p
ℓ

)
= −1, then an edge

attachment has taken place.

For this subsection suppose ℓ= 2:

Theorem 1.6.15: If (ua,ub) ∈ E(Gℓ(Fp)), then (wa,wb) ∈ E(Gℓ(Fp)).

Proof: This is proved in [Arp+23, Corollary 3.23]. ■

Theorem 1.6.16: In the process of going from Gℓ(Fp) to S
p
ℓ , the following happen:

(a) Stacking (if there is a component that does not fold)

(b) Folding:

i. If p ≡ 1 (mod 4), then the only component that folds is U where U is an edge (u8000,w8000).
ii. If p ≡ 3 (mod 4), then the only component that folds is U where U contains both vertices of

1728, and U is symmetric (with respect to j-invariants) with symmetry line going through
the 1728 vertices.

(c) If there exists a supersingular root in Fp of the polynomial

R2,1(x) = x2 +191025x−121287375

then there may or may not be an edge attachment. Otherwise, no edge attachment will take
place.

(d) no attachments along a j-invariant.

Proof: This is proved in [Arp+23, Section 3.4]. ■

Note that just because there is a root of R2,1(x) that is supersingular and in Fp it does not mean that the
implied edge is an edge attachment. R2,1(x) is a factor of Res2(x) and hence the roots of R2,1(x) only
categorize multi-edges within S

p
ℓ . This does encapsulate edge attachments due to Theorem 1.6.5.

Theorem 1.6.17: If p ≡ 3 (mod 8), p > 101, and R2,1(x) has a supersingular root in Fp, then there is an edge
attachment. On the other hand, if p ≡ 7 (mod 8) then a supersingular root in Fp of the polynomial
does not necessarily imply an edge attachment.

Proof: This is proved in [Arp+23, Corollary 3.30]. ■
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In these next few pages we will build an explicit structure of the spine for ℓ= 2 and ℓ= 3.

ℓ=2:
Lemma 1.6.18: Let p be an odd prime. Then(

−1
p

)
=

{
1 if p ≡ 1 (mod 4)
−1 if p ≡ 3 (mod 4)

Proof: This result follows by Euler’s Criterion. ■

Lemma 1.6.19: Let p be an odd prime not equal to 3. Then(
3
p

)
=

{
1 if p ≡ 1 or 11 (mod 12)
−1 if p ≡ 5 or 7 (mod 12)

Proof: Let p be an odd prime not equal to 3. Consider
(

3
p

)
. Note that by Quadratic Reciprocity we have(

3
p

)(
p
3

)
= (−1)

p−1
2 · 3−1

2 = (−1)
p−1

2

Hence we fall into two cases, one where p ≡ 1 (mod 4), and another where p ≡ 3 (mod 4). Let us
explore these cases.

Case 1: Suppose p ≡ 1 (mod 4). In this case, we know that(
3
p

)(
p
3

)
= 1 =⇒

(
3
p

)
=

(
p
3

)
Hence we know that 3 is a quadratic residue mod p if and only if p is a quadratic residue
mod 3. By an exhaustive search, we can see that p is a quadratic residue mod 3 if and only if
p≡ 1 (mod 3), and p is not a quadratic residue mod 3 if and only if p≡−1 (mod 3). Combining
these congruence conditions along with our supposition of p ≡ 1 (mod 4) using the Chinese
Remainder Theorem (CRT) we find that

• if p ≡ 1 (mod 12), then
(

3
p

)
= 1.

• if p ≡ 5 (mod 12), then
(

3
p

)
=−1.

Case 2: Suppose p ≡ 3 (mod 4). In this case, we know that(
3
p

)(
p
3

)
=−1 =⇒

(
3
p

)
=−

(
p
3

)
Hence we know that 3 is a quadratic residue mod p if and only if p is not a quadratic residue
mod 3. Recall that we know p is a quadratic residue mod 3 if and only if p ≡ 1 (mod 3), and p
is not a quadratic residue mod 3 if and only if p ≡ −1 (mod 3). Combining these congruence
conditions along with our supposition of p ≡ 3 (mod 4) using the Chinese Remainder Theorem
(CRT) we find that
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• if p ≡ 11 (mod 12), then
(

3
p

)
= 1.

• if p ≡ 7 (mod 12), then
(

3
p

)
=−1.

Since the two cases cover all possible values of p we know that we have covered every possible value
of p. Hence we have proved the statement. ■

Lemma 1.6.20: Let p be an odd prime not equal to 5. Then(
5
p

)
=

{
1 if p ≡ 1 or 4 (mod 5)
−1 if p ≡ 2 or 3 (mod 5)

Proof: Suppose p is an odd prime not equal to 5. Then by Quadratic Reciprocity we know(
5
p

)(
p
5

)
= (−1)

p−1
2 · 5−1

2 = 1

Hence we know that 5 is a quadratic residue mod p if and only if p is a quadratic residue mod 5. By
doing an exhaustive search we see that p is a quadratic residue mod 5 if and only if p ≡±1 (mod 5).
Hence the statement follows. ■

Corollary 1.6.21: Let p be an odd prime not equal to 3 or 5. Then(
−15

p

)
=

{
1 if p ≡ 1,17,19,23,31,47,49, or 53 (mod 60)
−1 if p ≡ 7,11,13,29,37,41,43, or 59 (mod 60)

Proof: Suppose p is an odd prime not equal to 3 or 5. Then by the multiplicative property of the Legendre
symbol we have (

−15
p

)
=

(
−1
p

)(
3
p

)(
5
p

)
Define the tuple

(
a, b, c

)
=
((

−1
p

)
,
(

3
p

)
,
(

5
p

))
. Note that by looking at each one of these

tuples we can determine the value of
(
−15

p

)
. Using Lemma 1.6.18, Lemma 1.6.19, Lemma 1.6.20,

and CRT we get the following table of values:(
a, b, c

)
p (mod 60)(

1, 1, 1
)

1, 49(
1, 1, −1

)
13, 37(

1, −1, 1
)

29, 41(
1, −1, −1

)
17, 53(

−1, 1, 1
)

11, 59(
−1, 1, −1

)
23, 47(

−1, −1, 1
)

19, 31(
−1, −1, −1

)
7, 43

The statement follows from the above table. ■
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Lemma 1.6.22: The Hilbert class polynomial H15(x) has a supersingular root in Fp if and only if p = 7,13
or p ≡ 11 or 14 (mod 15).

Proof: We know that H15(x) has a supersingular root if and only if
(
−15

p

)
= −1. By corollary 1.6.21 we

know that H15(x) has a supersingular root if and only if p ≡ 7,11,13,29,37,41,43, or 59 (mod 60).

Note that H15(x) = x2 +191025x−121287375 hence by the quadratic formula we know

H15(x) = 0 ⇐⇒ −191025±85995
√

5
2

= 0

Hence we know that H15(x) has a root in Fp if and only if p|85995 or 5 is a quadratic residue modulo
p. Let us explore each case.

Case 1: Suppose p|85995 ⇔ p|(33 ·5 ·72 ·13) Hence p = 3,5,7, or 13.

Case 2: Suppose 5 is a quadratic residue modulo p. By Lemma 1.6.20 we know that this is true if and
only if p ≡±1 (mod 5).

Hence H15(x) has a root in Fp if and only if p = 3,5,7,13 or p ≡±1 (mod 5).

Combining the conditions for supersingular roots and roots in Fp we find that H15(x) has a supersin-
gular root in Fp if and only if p = 7,13 or p ≡ 11,29,41,59 (mod 60)

Claim: {p > 2 : p ∈ [11]60 ∪ [41]60}= {p > 2 : p ∈ [11]15} and {p > 2 : p ∈ [29]60 ∪ [59]60}= {p > 2 :
p ∈ [14]15}.

proof: Suppose x ≡ 11 (mod 15). By definition, we know that there exists n ∈Z such that x = 15n+11.
Since n ∈ Z we know that either n is congruent to 0, 1, 2, or 3 modulo 4. Let us explore each
case:

• Suppose n = 4m for some m ∈ Z. Then we have

x = 15n+11 = 15(4m)+11 = 60m+11

and hence x ∈ [11]60.
• Suppose n = 4m+1 for some m ∈ Z. Then we have

x = 15n+11 = 15(4m+1)+11 = 60m+15+11 = 60m+26

and hence x ∈ [26]60

• Suppose n = 4m+2 for some m ∈ Z. Then we have

x = 15n+11 = 15(4m+2)+11 = 60m+30+11 = 60m+41

and hence x ∈ [41]60

• Suppose n = 4m+3 for some m ∈ Z. Then we have

x = 15n+11 = 15(4m+3)+11 = 60m+45+11 = 60m+56

and hence x ∈ [56]60
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Hence [11]15 = [11]60∪ [26]60∪ [41]60∪ [56]60. However, if we only consider odd prime numbers,
we know that p cannot be in [26]60∪ [56]60. Hence any primes in [11]15 are in [11]60∪ [41]60 and
vice versa. Thus {p > 2 : p ∈ [11]60 ∪ [41]60}= {p > 2 : p ∈ [11]15}.
Now instead suppose y ∈ [14]15. By definition, we know that there exists r ∈ Z such that y =
15r+14. Since r ∈Z we know that either n is congruent to 0, 1, 2, or 3 modulo 4. Let us explore
each case:

• Suppose r = 4s for some s ∈ Z. Then we have

x = 15r+14 = 15(4s)+14 = 60s+14

and hence x ∈ [14]60.
• Suppose r = 4s+1 for some s ∈ Z. Then we have

x = 15r+14 = 15(4s+1)+14 = 60s+15+14 = 60s+29

and hence x ∈ [29]60.
• Suppose r = 4s+2 for some s ∈ Z. Then we have

x = 15r+14 = 15(4s+2)+14 = 60s+30+14 = 60s+44

and hence x ∈ [44]60.
• Suppose r = 4s+3 for some s ∈ Z. Then we have

x = 15r+14 = 15(4s+3)+14 = 60s+45+14 = 60s+59

and hence x ∈ [59]60.

Hence [14]15 = [14]60∪ [29]60∪ [44]60∪ [59]60. However, if we only consider odd prime numbers,
we know that p cannot be in [14]60∪ [44]60. Hence any primes in [14]15 are in [29]60∪ [59]60 and
vice versa. Thus {p > 2 : p ∈ [29]60 ∪ [59]60}= {p > 2 : p ∈ [14]15}

Thus by the claim we conclude that H15(x) has a supersingular root in Fp if and only if p = 7,13 or
p ≡ 11,14 (mod 15). ■
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Theorem 1.6.23: In S
p
2 the following statements are true:

(a) If p = 2, then S
p
2 is a single vertex with j-invariant 0. And this vertex has a triple multi-edge

loop with itself.

(b) If p = 3, then S
p
2 is a single vertex with j-invariant 0. And this vertex has a triple multi-edge

loop with itself.

(c) If p = 5, then S
p
2 is a single vertex with j-invariant 0. And this vertex has a triple multi-edge

loop with itself.

(d) If p = 7, then S
p
2 is a single vertex with j-invariant 6. And this vertex has a triple multi-edge

loop with itself.

(e) If p = 13, then S
p
2 is a single vertex with j-invariant 5. And this vertex has a triple multi-edge

loop with itself.

(f) Suppose p ̸= 2,3,5,7, and 13.

i. If p ≡ 1 (mod 3), then there does not exist any triple edges in S
p
2 nor G2(Fp).

ii. If p ≡ 2 (mod 3), then there exists a unique triple multi-edge of the form (0,54000) in
G2(Fp) (and hence S

p
2 ) and this edge is not a loop.

Proof: Suppose that there exists v ∈ G2(Fp) such that v is incident to an out-triple-multi-edge. By the
definition of the modular polynomial, we know that Φ2(v,X) = (X − j)3g(v,X) where j ∈ Fp, and
g ∈ Fp[Y,X ]. However, we know that Φ2 is a polynomial of degree 3 for both of its variables. Hence
g(v,X) must be equal to a constant. In fact, due to the properties of non-square modular polynomials,
we know that g(v,X) must be ±1, and hence we can simply ignore it. Hence we have Φ2(v,X) =
(X − j)3. As a result we have:

Φ2(v,X) = (X − j)3

∂

∂X
Φ2(v,X) = 3(X − j)2

∂ 2

∂X2 Φ2(v,X) = 6(X − j)

Hence (if 6 ̸= 0), j is a root of Φ2(v,X), ∂

∂X Φ2(v,X), and ∂ 2

∂X2 Φ2(v,X). As such, by definition we know
that v is a root of both of the following polynomials:

Res1(Y ) := ResX

(
Φ2(X ,Y ),

∂

∂X
Φ2(X ,Y )

)

Res2(Y ) := ResX

(
∂

∂X
Φ2(X ,Y ),

∂ 2

∂X2 Φ2(X ,Y )
)

A simple computation reveals that the explicit forms of Res1 and Res2 are:

Res1(Y ) = (−4)(Y −1728)(Y +3375)2(Y )2(Y 2 +191025Y −121287375)2

Res2(Y ) = (−12)(Y )(Y −405)(Y 2 −2571Y +1492425)
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For simplification purposes, let the symbolic variable Y be represented by x for the rest of the duration
of this proof. Furthermore, let the following notation stand:

f1(x) =−4 g1(x) =−12

f2(x) = x−1728 g2(x) = x

f3(x) = x g3(x) = x−405

f4(x) = x+3375 g4(x) = x2 −2571x+1492425

f5(x) = x2 +191025x−121287375

Note that if fi(x0) = 0 and gl(x0) = 0 for some x0 ∈ Fp, then x0 is a root of both Res1(x) and Res2(x).
Hence by definition, x0 is a root of Φ2(v,X), ∂

∂X Φ2(v,X), and ∂ 2

∂X2 Φ2(v,X), making it have a triple
edge in the isogeny graph.

Thus we are interested in x0 which is a root of fi and gl for some i, l. On top of that, we want to know
when x0 is supersingular so that we know when x0 ∈V (Gℓ(Fp)).

Firstly, let us find the potential x0 values. In order to find all possible x0 values we must solve all
systems of the form fi(x) = gl(x) = 0. Therefore we have the following cases:

1.) f1(x) = g1(x) = 0 2.) f1(x) = g2(x) = 0 3.) f1(x) = g3(x) = 0 4.) f1(x) = g4(x) = 0
5.) f2(x) = g1(x) = 0 6.) f2(x) = g2(x) = 0 7.) f2(x) = g3(x) = 0 8.) f2(x) = g4(x) = 0
9.) f3(x) = g1(x) = 0 10.) f3(x) = g2(x) = 0 11.) f3(x) = g3(x) = 0 12.) f3(x) = g4(x) = 0
13.) f4(x) = g1(x) = 0 14.) f4(x) = g2(x) = 0 15.) f4(x) = g3(x) = 0 16.) f4(x) = g4(x) = 0
17.) f5(x) = g1(x) = 0 18.) f5(x) = g2(x) = 0 19.) f5(x) = g3(x) = 0 20.) f5(x) = g4(x) = 0

Note, however, that this is all dependent on the fact that 6 ̸= 0. We know that 6 = 0 in Fp if and only
if p = 2 or p = 3. So let us consider those cases first.

Suppose p = 2. We know that in this case 0 is the only supersingular j-invariant. Hence if we look
at the 2-modular polynomial at 0 we get Φ2(0,x) = x3. Hence we know that 0 has a triple loop to its
self.

Now, suppose p = 3. We know that in this case 0 is the only supersingular j-invarant. Hence if we
look at the 2-modular polynomial at 0 we again get Φ2(0,x) = x3. Hence we know that 0 has a triple
loop to its self.

Note that for cases 1.) , 2.) , 3.) , 4.) , 5.) , 9.) , 13.) , 17.) , we either have f1(x) = 0 or g1(x) = 0
which would result in 4 = 0 or 12 = 0 respectively. Both of these would land us in the p = 2,3 case
which we have already covered. Hence we skip these cases.

Case 6: Suppose f2(x) = g2(x) = 0. Hence we have the system:{
f2(x) = 0
g2(x) = 0

−→

{
x−1728 = 0
x = 0

−→

{
x = 1728
x = 0

⇒ 0 = 1728

We can see that the system is true in Fp when p|1728 ⇔ p|(26 ·33)⇒ p = 2 or 3.
Thus Case 6: results in a triple edge for x0 = 0 ∈ F2, and x0 = 0 ∈ F3.
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Case 7: Suppose f2(x) = g3(x) = 0. Hence we have the system:{
f2(x) = 0
g3(x) = 0

−→

{
x−1728 = 0
x−405 = 0

−→

{
x = 1728
x = 405

⇒ 1728 = 405 ⇔ 1323 = 0

We can see that the system is true in Fp when p|1323 ⇔ p|(33 · 72) ⇒ p = 3 or 7. Note that
1728 ≡ 405 ≡ 0 (mod 3) and 1728 ≡ 405 ≡ 6 (mod 7).
Thus Case 7: results in a triple edge or x0 = 0 ∈ F3, and x0 = 6 ∈ F7.

Case 8: Suppose f2(x) = g4(x) = 0. Hence we have the system:{
f2(x) = 0
g4(x) = 0

−→

{
x−1728 = 0
g4(x) = 0

−→

{
x = 1728
g4(x) = 0

−→

{
x = 1728
g4(1728) = 0

−→

{
x = 1728
35721 = 0

We can see that the system is true in Fp when p|35721 ⇔ p|(35 ·72)⇒ p = 3 or p = 7.
Thus similar to the last case, Case 8: results in a triple edge or x0 = 0 ∈ F3, and x0 = 6 ∈ F7.

Case 10: Suppose f3(x) = g2(x) = 0. Hence we have the system:{
f3(x) = 0
g2(x) = 0

−→

{
x = 0
x = 0

Note that there are no restrictions on p. Thus Case 10: results in a triple edge for x0 = 0 ∈ Fp

for any prime p.

Case 11: Suppose f3(x) = g3(x) = 0. Hence we have the system:{
f3(x) = 0
g3(x) = 0

−→

{
x = 0
x−405 = 0

−→

{
x = 0
x = 405

⇒ 405 = 0

We can see that the system is true in Fp when p|405 ⇔ p|(34 ·5)⇒ p = 3,5.
Thus Case 11: results in a triple edge for x0 = 0 ∈ F3 and x0 = 0 ∈ F5.

Case 12: Suppose f3(x) = g4(x) = 0. Hence we have the system:{
f3(x) = 0
g4(x) = 0

−→

{
x = 0
g4(x) = 0

−→

{
x = 0
g4(0) = 0

−→

{
x = 0
1492425 = 0

We can see that the system is true in Fp when p|1492425 ⇔ p|(33 · 52 ·11 ·67)⇒ p = 3,5,11,
or 67.
Thus Case 12: results in a triple edge for x0 = 0 in F3,F5,F11,F67.

Case 14: Suppose f4(x) = g2(x) = 0. Hence we have the system:{
f4(x) = 0
g2(x) = 0

−→

{
x+3375 = 0
x = 0

−→

{
x =−3375
x = 0

⇒ 0 =−3375 ⇔ 3375 = 0

We can see that the system is true in Fp when p|3375 ⇔ p|(33 ·53)⇒ p = 3 or 5.
Thus Case 14: results in a triple edge for x0 = 0 ∈ F3 and x0 = 0 ∈ F5.
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Case 15: Suppose f4(x) = g3(x) = 0. Hence we have the system:{
f4(x) = 0
g3(x) = 0

−→

{
x+3375 = 0
x−405 = 0

−→

{
x =−3375
x = 405

⇒ 405 =−3375 ⇔ 3780 = 0

We can see that the system is true in Fp when p|3780 ⇔ p|(22 · 33 · 5 · 7) ⇒ p = 2,3,5, or 7.
Note that

x ≡−3375 ≡ 405 ≡


1 (mod 2)
0 (mod 3)
0 (mod 5)
6 (mod 7)

Thus Case 15: results in a triple edge for x0 = 1 ∈ F2,x0 = 0 ∈ F3,x0 = 0 ∈ F5, and x0 = 6 ∈ F7.

Case 16: Suppose f4(x) = g4(x) = 0. Hence we have the system:{
f4(x) = 0
g4(x) = 0

−→

{
x+3375 = 0
g4(x) = 0

−→

{
x =−3375
g4(x) = 0

−→

{
x =−3375
g4(−3375) = 0

−→

{
x =−3375
21560175 = 0

We can see that the system is true in Fp when p|21560175 ⇔ p|(35 · 52 · 7 · 132)⇒ p = 3,5,7,
or 13. Note that

x ≡−3375 ≡


0 (mod 3)
0 (mod 5)
6 (mod 7)
5 (mod 13)

Thus Case 16: results in a triple edge for x0 = 0 ∈ F3,x0 = 0 ∈ F5,x0 = 6 ∈ F7, and x0 = 5 ∈ F13.

Case 18: Suppose f5(x) = g2(x) = 0. Hence we have the system:{
f5(x) = 0
g2(x) = 0

−→

{
f5(x) = 0
x = 0

−→

{
f5(0) = 0
x = 0

−→

{
−121287375 = 0
x = 0

We can see that the system is true in Fp when p|121287375 ⇒ p|(35 · 53 · 113)⇒ p = 3,5,11.
Thus Case 18: results in a triple edge for x0 = 0 ∈ F3,F5, and F11.

Case 19: Suppose f5(x) = g3(x) = 0. Hence we have the system:{
f5(x) = 0
g3(x) = 0

−→

{
f5(x) = 0
x−405 = 0

−→

{
f5(405) = 0
x = 405

−→

{
−43758225 = 0
x = 405

We can see that the system is true in Fp when p|43758225 ⇒ p|(36 ·52 ·74)⇒ p = 3,5,7. Note
that

x ≡ 405 ≡


0 (mod 3)
0 (mod 5)
6 (mod 7)

Thus Case 19: results in a triple edge for x0 = 0 ∈ F3,x0 = 0 ∈ F5, and x0 = 6 ∈ F7.
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Case 20: Suppose f5(x) = g3(x) = 0. Hence we have the system:{
f5(x) = 0
g4(x) = 0

−→

{
x2 +191025x−121287375 = 0
x2 −2571x+1492425 = 0

−→

{
x = −191025±85995

√
5

2

x = 2571±39
√

421
2

(suppose p ̸= 2)

⇒ −191025±85995
√

5
2

=
2571±39

√
421

2
−191025±85995

√
5 = 2571±39

√
421

±85995
√

5 = 193596±39
√

421

(85995)2 ·5 =
(

193596±39
√

421
)2

36975700125 = 37480051557±15100488
√

421

−504351432 =±15100488
√

421

(−504351432)2 = (15100488)2 ·421

254370366960450624 = 95998414629858624

−158371952330592000 = 0

158371952330592000 = 0

We can see that the system is true in Fp when p|158371952330592000 ⇒ p|(28 ·38 ·53 ·73 ·11 ·
13)⇒ p = 2,3,5,7,11,13. Note that for p = 2 our original system is{

x2 + x+1 = 0
x2 + x+1 = 0

⇒ x2 + x+1 = 0 ⇒ x = z2

where z2 /∈ F2 but (z2)
2 ∈ F2. In the other cases, we have:

x=
−191025±85995

√
5

2
=



0 (mod 3)
0 (mod 5)
6 (mod 7)
0,1 (mod 11)
5 (mod 13)

and x=
2571±39

√
421

2
=



0 (mod 3)
0,1 (mod 5)
3,6 (mod 7)
0,8 (mod 11)
5 (mod 13)

Thus Case 20: results in a triple edge for x0 = z2 ∈ F2,x0 = 0 ∈ F3,x0 = 0 ∈ F5,x0 = 6 ∈ F7,x0 =
0 ∈ F11, and x0 = 5 ∈ F13.

As a final result, we see that the following j invariants have triple edges in G2(Fp):
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p j-invariant
5 0
7 0,6
11 0
13 0,5

any other 0

It is easy to check which of the j invariants is supersingular and in Fp. We know from Theorem
1.6.7 that p = 5,7,13 result in S

p
2 being a single vertex. For p = 5, 0 is supersingular, for p = 7, 6 is

supersingular, and for p = 13, 5 is supersingular. Hence, these cases result in S
p
2 being a single vertex

with three multi-edge loops.

Note that all remaining cases, 0 is the only vertex which implies a triple edge. In fact by factoring
Φ2(0,X) = (X −54000)3, and factoring 54000 = 24 ·33 ·53, we see that any prime other than 2, 3, or
5, would not result in 0 having loops. To finish the proof of the statement we simply have to recall that
0 is supersingular if and only if p ≡ 2 (mod 3). Thus, we have proved every aspect of the statement.
■
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Theorem 1.6.24: The following conditions characterize all possible structures of the spine for ℓ= 2:

(a) p = 5. Then ϒ(Sp
ℓ ) is a single vertex.

(b) p ≡ 1 (mod 4).

i. p = 29 if and only if there is an edge attachment, the unique component which can fold
does so, and the edge attachment connects the folded component to another component.

ii. p ≡ 29,101 (mod 120), p ̸= 29 if and only if there is an edge attachment, the unique com-
ponent which can fold does so, and the edge attachment does not connect the folded com-
ponent to another component.

iii. p ≡ 41,89 (mod 120) if and only if there is an edge attachment and no component folds.
iv. p ≡ 13,37,53,61,77,109 (mod 120) if and only if no edge attachment takes place and the

unique component which can fold does so.
v. p ≡ 1,17,49,73,97,113 (mod 120) if and only if no edge attachment takes place and no

component folds.

(c) p ≡ 3 (mod 8). Folding always happens.

i. p = 11 if and only if there is a new multi-edge, however, it is incident to vertices originally
from the same component.

ii. p = 59 if and only if the folded component gets edge attached to another component by an
edge between two vertices on the floor.

iii. p ≡ 11,59 (mod 120) and p ̸= 11,59 if and only if an edge attachment takes place between
two stacked components with the attaching edge being incident to two vertices on the floor.

iv. p ≡ 19,43,67,83,91,107 (mod 120) if and only if no edge attachment takes place.

(d) p ≡ 7 (mod 8). Folding always happens.

i. p ≡ 71,119 (mod 120) if and only if there is a new multi-edge in S
p
ℓ . This may imply that

there is an edge attachment, though it is not a necessary result. In either case, the new edge
is incident to two vertices on the floor.

ii. p ≡ 7,23,31,47,79,103 (mod 120) if and only if there are no new multi-edges in S
p
ℓ . This

implies that there are no edge attachments.

Proof: We will go through each of the cases of the theorem and prove each case in order. Suppose ℓ = 2.
For each of the cases we need to keep in mind that Theorem 1.6.16(a) tells us that if there is a
component that does not fold, then that component stacks. Furthermore, Theorem 1.6.16(b) tells us
that there is only one component that folds. Hence we know that if there is a component that is not
the folding component, then that component will stack. Lastly, Theorem 1.6.16(d) tells us that no
vertex attachments take place. Thus, the only things that distinguish the structure of the spine are
when folding happens, and when edge attachment happens. Let us explore these cases.

Case (a) Suppose p = 5. By Theorem 1.6.7 we know that the spine is comprised of a single vertex.
There may be loops on that vertex, but we know that ϒ(S5

2 ) is a single vertex with no edges.
Thus proving the statement in this case.
From now on, suppose p > 5.

Case (b) Suppose p ≡ 1 (mod 4). Let us first look at when folding and edge attachment occur separately,
then combine our results afterward.
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Folding: Recall that Theorem 1.6.16(b.i) tells us that folding happens if and only if the component
(u8000,w8000) exists. In other words, folding happens if and only if 8000 is supersingular.
By Theorem 1.5.13 we know that 8000 is supersingular if and only if p ≡ 5 or 7 (mod 8).
Since we are in the case that p ≡ 1 (mod 4), we gather that 8000 is supersingular if and
only if p ≡ 5 (mod 8).

Edge Attachment: Recall that Theorem 1.6.16(c) tells us that if there is a supersingular root of R2,1(x) in Fp,
then an edge attachment may or may not take place. However, we know that if R2,1(x) has
a supersingular root in Fp then a new double edge is added to the graph.
Note that R2,1(x) = H15(x). Hence by Lemma 1.6.22 we know that R2,1 has a supersingular
root in Fp if and only if p = 7,13 or p ≡ 11,14 (mod 15). Combining this with the fact that
we supposed p ≡ 1 (mod 4) by CRT, we know that there is a new double edge if p = 13 or
p ≡ 29,41 (mod 60).
Suppose j is a supersingular root of R2,1(x) in Fp, however, the implied edge is not an
attaching edge. This implies that +d j(S

p
ℓ ) = 3. Hence we know that j is one of the vertices

with triple edges mentioned in Theorem 1.6.23 (while recalling that we are assuming p >
3). The theorem tells us that the only j invariants with a triple edge are j = 0,5,6. However,
since the j invariant 6 is associated with p = 7, we exclude it (since p ≡ 1 (mod 4)). Hence
j = 0, or 5 where j = 5⇔ p= 13. Note that in F13, Φ2(5,x)= (x−5)3. Hence we know that
two new edges were added, but as loops. Thus p = 13 is a case where there is a new double
edge, but no new edge attachment. Now consider j = 0, note that R2,1(0) = −121287375
which is equal to zero if and only if p|121287375 ⇔ p|36 · 53 · 113 ⇔ p = 3,5,11. Since
p > 3 and p ≡ 1 (mod 4) p = 5 is the only possibility, which we have already covered in
(a).
Thus we conclude that if p = 13 then there is a new double edge, but no edge attachment,
and if p ≡ 29,41 (mod 60), then there is a new double edge and this double edge is an
attaching edge.

Thus, we now know when there is a component which folds, and when there is an edge attach-
ment. Note, however, that the folded component contains only one vertex, 8000. Hence we can
find when the folded component is involved in an edge attachment. Consider Res2,1(8000) =
1470912625. Hence we know that 8000 is incident to a double edge if p|1470912625 ⇔
p|(53 · 74 · 132 · 29) ⇒ p = 5,7,13,29. Note that the only p value which results in an edge
attachment is 29. Hence we know that the folded component is involved in an edge attachment
if and only if p = 29.
Note that we know that an edge attachment happens if and only if p ≡ 29,41 (mod 60), which
implies that an edge attachment does not happen if p ̸≡ 29,41 (mod 60)⇔ p ≡ 1,13,17,37,49,
53 (mod 60) (since p ≡ 1 (mod 4) the number of equivalence classes not equivalent to 29 or
41 is restricted). Furthermore, we know that a component folds if and only if p ≡ 5 (mod 8),
which implies that a component does not fold if p ̸≡ 5 (mod 8)⇔ p ≡ 1 (mod 8) (again taking
into account that p ≡ 1 (mod 4)). Define the tuple

(
a, b

)
such that a ≡ p (mod 60) and b ≡

p (mod 8). The following table shows our computations using CRT:
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Description Accepted Tuple
Resulting

p (mod 120)

attachment and fold
(
29, 5

)
29(

41, 5
)

101

attachment and no fold
(
29, 1

)
89(

41, 1
)

41

no attachment and fold

(
1, 5

)
61(

13, 5
)

13(
17, 5

)
77(

37, 5
)

37(
49, 5

)
109(

53, 5
)

53

no attachment and no fold

(
1, 1

)
1(

13, 1
)

73(
17, 1

)
17(

37, 1
)

97(
49, 1

)
49(

53, 1
)

113

Hence with the fact that we consider p= 29 as a different case than when attachment and folding
happen, we have proved this case of the statement.

Case (c) Suppose p ≡ 3 (mod 8). First, let us look at when folding and edge attaching happen.

Folding: We know by Theorem 1.6.16(c,ii) that folding happens when 1728 is supersingular, which
only happens when p ≡ 1 (mod 4). This will always happen since p = [3]8 ⇒ p = [3]4.
Hence, folding always happens in this case.

Edge Attachment: We know by Theorem 1.6.16 that edge attachment can only happen if there is a supersin-
gular root of R2,1(x) in Fp, and even then it may not happen. However, Theorem 1.6.17
tells us that if p > 101 and R2,1(x) has a supersingular root in Fp, then there is an edge
attachment. Note that R2,1(x) = H15(x), and hence by Lemma 1.6.22 we know that R2,1(x)
has supersingular roots in Fp if and only if p = 7,13 or p ≡ 11,14 (mod 15). In our case,
we can rule out p = 7 and 13. If we combine the condition p = 11,14 (mod 15) and the
assumption that p ≡ 3 (mod 8), by CRT we get the condition p ≡ 11,59 (mod 120).
We know that if p > 101 then a supersingular root of R2,1(x) in Fp would imply an edge
attachment has taken place. But if p = 11,59 then we do not know. However, this can be
fixed by simply computing S11

2 and S59
2 . By doing so we see that no edge attachment takes

place for p = 11, but the folded component attaches to another component when p = 59.

Thus we know when folding and edge attachment happen. Consider the folded component for
a moment. We know by the structure of Gℓ(Fp) that the folded component (when put through
the simplification map) is just an edge. By factoring Φ2(1728,x) = (x−1728)(x−287496)2 we
see that the component is comprised of the vertices 1728 and 287496 (since we know that there
exists a vertex in the component of Gℓ(Fp) containing 1728, that does not have a j-invariant
of 1728). Note that the 2-modular polynomial tells us that +d1728(Im(Γ)) = 3. Hence edge
attachment cannot happen for 1728, otherwise, 1728 would have an out-degree of 5 which cannot
happen. Now suppose that the folded component got attached. That would mean that 287496 is
a supersingular root of R2,1(x). Note that R2,1(287496) = 137451586041 which is zero if and
only if p|137451586041 ⇔ p|(36 ·74 ·113 ·59). The only one which works in this case is p = 59.
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Hence p = 59 is the only prime value which results in the folded component getting attached by
an edge.
One important thing to note is where an edge attachment can happen. Note that for every super-
singular j ∈ Fp, if j ̸= 1728, then both u j and w j are on the same level of Gℓ(Fp). Hence in most
cases, we can identify a j-invariant as being on the floor or the surface. Recall that every com-
ponent that does not fold, stacks. Therefore we know that the components of Gℓ(Fp) keep their
structure (other than the folded component). Hence we know that every j on the surface of Sp

ℓ

cannot get attached to any new vertices since it is already incident to three out-edges. Therefore
we know that any edge attachment happens between vertices on the floor. This extends to the
folded component, due to the fact that the only vertex that can attach in the folded component is
287496 which we know to be on the floor of Gℓ(Fp).
Note that we have shown that if p = 11 then there is a new edge but it resides within the same
component, if p = 59 then the folded component gets attached, and if p ≡ 11,59 (mod 120) and
p ̸= 11,59 then there is an attaching edge between floor vertices of stacked components. Hence
the only section of the statement we have not shown is when there is not an edge attachment. In
this case an edge attachment not happening means p ̸≡ 11,59 (mod 120) and p ≡ 3 (mod 8).
Note that p ̸≡ 11,59 (mod 120) means that p is congruent to an integer between 0 and 119
modulo 120. However, we know that we are excluding any number which has a common divisor
with 120 (other than 1) since then that would imply that p is divisible by a non-identity element.
Hence p would have to be congruent to a number within the set

{1,7,13,17,19,23,29,31,37,41,43,47,49,53,61,67,71,73,77,

79,83,89,91,97,101,103,107,109,113,119}

Then taking into account that we have supposed p ≡ 3 (mod 8), our set restricts to

{11,19,43,59,67,83,91,107}

Which matches the claim in the statement. Thus we have proved this section of the statement.

Case (d) Suppose p ≡ 7 (mod 8). Let us see when folding and edge attaching take place.

Folding: By Theorem 1.6.16(c, ii) we know that folding takes place when 1728 is supersingular. In
this case, 1728 is always supersingular since p = [7]8 ⇒ p = [3]4. Hence the component
containing both u1728 and w1728 folds.

Edge Attachment: By Theorem 1.6.16(d) we know that there an edge attachment may or may not happen
when R2,1(x) has a supersingular root in Fp. Note that R2,1(x) = H15(x), and by Lemma
1.6.22 we know that R2,1(x) has a supersingular root in Fp if and only if p = 7,13 or
p ≡ 11,14 (mod 15). By our supposition that p ≡ 7 (mod 8), we exclude p = 13. Now,
suppose p = 7. By Theorem 1.6.7 we know that S7

2 is a single vertex hence we know that
no edge attachment can happen. However, we know that the only supersingular j-invariant
in S7

2 is 6, and in F7, R2,1(x) = (x+1)2 of which 6 is a root of. Hence, when p = 7, there is
a supersingular root of R2,1(x) in Fp, but no edge attachment takes place.
Now let us combine the condition that p = 11,14 (mod 15) with our supposition that p ≡
7 (mod 8). By CRT we conclude that an edge attachment can happen if and only if p ≡
71,119 (mod 120). This congruence condition is a necessary condition for an edge attach-
ment to happen, however, it is not a sufficient condition to guarantee edge attachment, as
shown in the remark after [Arp+23, corollary 3.30].
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Hence we know that folding always occurs, and edge attachment can only happen if p ≡ 71,
119 (mod 120). However, we do not know exactly when edge attachment happens, nor when
the folded component attaches to a stacked component.
Recall that any component that does not fold, stacks. Hence we know that the structure of the
(simplified) components of Sp

ℓ are identical to the (simplified) components of Gℓ(Fp) except for
the folded component. Hence we know that the surface vertices in stacked components of Sp

ℓ

cannot get attached to any vertex as they already are incident to three out-edges. Furthermore,
if we look at the stacked component, all vertices on the surface (including 1728) have an out-
degree of either 2 or 3. Hence no edge attachment can happen through vertices on the surface
of the folded component as a new edge would imply two new edges which would supersede
the maximum out-degree of Sp

ℓ . Thus we know that if there is a new edge, then it must have
happened between two floor vertices (excluding 0 since it has extra automorphisms).
Note that we don’t know much information about when edge attachment definitvely happens,
nor where it happens, however, we can determine when it will certainly not happen. That is
when p ̸≡ 71,119 (mod 120). Similar to the previous case we know that this means that p must
be congruent to one of the following natural numbers:

{1,7,11,13,17,19,23,29,31,37,41,43,47,49,53,59,61,67,

73,77,79,83,89,91,97,101,103,107,109,113}

However, taking into account our supposition that p ≡ 7 (mod 8), our set restricts to:

{7,23,31,47,79,103}

This encapsulates the case where p = 7, hence we do not need to mention it in a different case.
We see that this matches our statement. Hence we have proved this case of the statement.

Note that we have proved every case of this statement. Thus we conclude that the statement is proved
to be true.

■
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ℓ=3:
Lemma 1.6.25: For an odd prime p, (

2
p

)
=

{
1 if p ≡ 1,7 (mod 8)
−1 if p ≡ 3,5 (mod 8)

Proof: This is an elementary number theory result which the reader can find in any introductory number
theory textbook. ■

Lemma 1.6.26: For an odd prime p not equal to 7, then(
7
p

)
=

{
1 if p ≡ 1,3,9,19,25,27 (mod 28)
−1 if p ≡ 5,11,13,15,17,23 (mod 28)

Proof: Let p be an odd prime. By quadratic reciprocity we have(
7
p

)( p
7

)
= (−1)

p−1
2

7−1
2 = (−1)

p−1
2

Hence we have two cases depending on if p ≡ 1 (mod 4) or p ≡ 3 (mod 4).

Case 1: Suppose p ≡ 1 (mod 4). Then we know that
(

7
p

)( p
7

)
= 1, and hence

(
7
p

)
=
( p

7

)
. In other

words, 7 is a quadratic residue modulo p if and only if p is a quadratic residue modulo 7. By
exhaustively searching we find that the quadratic residues modulo 7 are 1, 2, and 4. Hence we
know that if p ≡ 1,2,4 (mod 7) then 7 is a quadratic residue modulo p. By letting

(
a, b

)
=(

[p]4, [p7]
)

we combine the conditions of p modulo 7 and 4 using CRT in the following table:(
a, b

)
p (mod 28)(

1, 1
)

1(
1, 2

)
9(

1, 4
)

25(
1, 3

)
17(

1, 5
)

23(
1, 6

)
13

Hence we know that 7 is a quadratic residue modulo p if p ≡ 1,9,25 (mod 28), and 7 is not a
quadratic residue modulo p if p ≡ 13,17,23 (mod 28)

Case 2: Suppose p ≡ 3 (mod 4). By this we know that
(

7
p

)( p
7

)
= −1, and hence

(
7
p

)
= −

( p
7

)
. In

other words, 7 is a quadratic residue modulo p if and only if p is not a quadratic residue modulo
7. We have already seen that 1, 2, and 4 are the only quadratic residues modulo 7. Hence by
letting

(
a, b

)
=
(
[p]4, [p7]

)
we combine the conditions of p modulo 7 and 4 using CRT in the

following table: Hence we know that 7 is a quadratic residue modulo p if p≡ 3,19,27 (mod 28),
and 7 is not a quadratic residue modulo p if p ≡ 11,15,23 (mod 28).

Putting our two cases together, we see that we have proved the statement. ■
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(
a, b

)
p (mod 28)(

3, 3
)

3(
3, 5

)
19(

3, 6
)

27(
3, 1

)
15(

3, 2
)

23(
3, 4

)
11

Lemma 1.6.27: Suppose p is an odd prime not equal to 11. Then(
−11

p

)
=

{
1 if p ≡ 1,3,4,5,9 (mod 11)
−1 if p ≡ 2,6,7,8,10 (mod 11)

Proof: Suppose p is an odd prime not equal to 11. Then we have the following:(
−11

p

)
=

(
−1
p

)(
11
p

)
(by the multiplicative property)

= (−1)
p−1

2

(
11
p

)
(by Euler’s Criterion)

= (−1)
p−1

2

(
(−1)

p−1
2 · 11−1

2

( p
11

))
(by quadratic reciprocity)

= (−1)
p−1

2 · (−1)
p−1

2 ·
( p

11

)
=
( p

11

)
Hence we conclude that −11 is a quadratic residue modulo p if and only if p is a quadratic residue
modulo 11. We know the quadratic residues of 11 to be 1, 3, 4, 5, and 9. Hence we conclude that(
−11

p

)
= 1 if and only if p≡ 1,3,4,5,9 (mod 11) and

(
−11

p

)
=−1 if and only if p≡ 2,6,7,8,10 (mod 11).

This proves our statement. ■

Lemma 1.6.28: Suppose p is an odd prime not equal to 5. Then(
−20

p

)
=

{
1 if p ≡ 1,3,7,9 (mod 20)
−1 if p ≡ 11,13,17,19 (mod 20)

Proof: Suppose p is an odd prime not equal to 5. By the multiplicative property of the Legendre symbol we
have: (

−20
p

)
=

(
−1
p

)(
2
p

)2(5
p

)
=

(
−1
p

)(
5
p

)
By Lemma 1.6.18 and Lemma 1.6.20 we know that(

−1
2

)
=

{
1 if p ≡ 1 (mod 4)
−1 if p ≡ 3 (mod 4)

and
(

5
p

)
=

{
1 if p ≡ 1 or 4 (mod 5)
−1 if p ≡ 2 or 3 (mod 5)

And since
(
−20

p

)
=
(
−1
p

)(
5
p

)
we know that if both

(
−1
p

)
and

(
5
p

)
are positive or both negative, then(

−20
p

)
is positive, and

(
−20

p

)
is negative other wise. If we use the tuple

(
[p]4, [p]5

)
then we have
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Value of
(
−20

p

) (
[p]4, [p]5

) Resulting
p (mod 20)

1

(
1, 1

)
1(

1, 4
)

9(
3, 2

)
7(

3, 3
)

3

−1

(
1, 2

)
17(

1, 3
)

13(
3, 1

)
11(

3, 4
)

19

Table 3: Scenarios which provide a value for
(
−20

p

)
the scenarios provided in Table 3. Thus we see that

(
−20

p

)
= 1 if and only if p ≡ 1,3,7,9 (mod 20)

and
(
−20

p

)
=−1 if and only if p ≡ 11,13,17,19 (mod 20). Hence we have proved the statement. ■

Lemma 1.6.29: Let p be an odd prime. Then(
−32

p

)
=

{
1 if p ≡ 1,3 (mod 8)
−1 if p ≡ 5,7 (mod 8)

Proof: Note that by the multiplicative property of the Legendre symbol, we know:(
−32

p

)
=

(
−1
p

)(
2
p

)5

=

(
−1
p

)(
2
p

)
By Lemma 1.6.18 and Lemma 1.6.25 we know that(

−1
2

)
=

{
1 if p ≡ 1 (mod 4)
−1 if p ≡ 3 (mod 4)

and
(

2
p

)
=

{
1 if p ≡ 1,7 (mod 8)
−1 if p ≡ 3,5 (mod 8)

And since
(
−32

p

)
=
(
−1
p

)(
2
p

)
we know that if both

(
−1
p

)
and

(
2
p

)
are positive or both negative, then(

−32
p

)
is positive, and

(
−32

p

)
is negative other wise. If we use the tuple

(
[p]4, [p]8

)
then we have

the scenarios provided in Table 4. Hence we know that
(
−32

p

)
= 1 if and only if p ≡ 1,3 (mod 8) and(

−32
p

)
=−1 if and only if p ≡ 5,7 (mod 8). Thus we have proved the statement. ■

Lemma 1.6.30: Let p be a prime such that p ̸= 2,5,7. Then(
−35

p

)
=

{
1 if p ≡ 1,3,4,9,11,12,13,16,17,27,29,33 (mod 35)
−1 if p ≡ 2,6,8,18,19,22,23,24,26,31,32,34 (mod 35)

Proof: Suppose p is a prime such that p ̸= 2,5,7. Then by the multiplicative property of the Legendre
symbol we have: (

−35
p

)
=

(
−7
p

)(
5
p

)
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Value of
(
−32

p

) (
[p]4, [p]8

) Resulting
p (mod 8)

1

(
1, 1

)
1(

1, 7
)

/0(
3, 3

)
3(

3, 5
)

/0

−1

(
1, 3

)
/0(

1, 5
)

5(
3, 1

)
/0(

3, 7
)

7

Table 4: Scenarios which result in a value for
(
−32

p

)
Let us consider

(
−7
p

)
for a moment. Note that we have the following:(

−7
p

)
=

(
−1
p

)(
7
p

)
= (−1)

p−1
2

(
7
p

)
(by Euler’s Criterion)

= (−1)
p−1

2

(
(−1)

p−1
2 · 7−1

2 ·
( p

7

))
(by quadratic reciprocity)

= (−1)
p−1

2 (−1)
p−1

2

( p
7

)
=
( p

7

)
Hence we know that

(
−7
p

)
=
( p

7

)
. In other words, −7 is a quadratic residue modulo p if and only if

p is a quadratic residue modulo 7. We know that quadratic residues of 7 to be 1,2, and 4. Hence we
conclude that (

−7
p

)
=

{
1 if p ≡ 1,2,4 (mod 7)
−1 if p ≡ 3,5,6 (mod 7)

If we recall Lemma 1.6.20 we remember that(
5
p

)
=

{
1 if p ≡ 1,4 (mod 5)
−1 if p ≡ 2,3 (mod 5)

Since
(
−35

p

)
=
(
−7
p

)(
5
p

)
we know that

(
−35

p

)
is positive if both

(
−7
p

)
and

(
5
p

)
are positive or

both are negative. Additionally, we know that
(
−35

p

)
is negative in any other case. By considering

the tuple
(
[p]5, [p]7

)
we have the scenarios shown in Table 5. Thus we conclude that

(
−35

p

)
= 1

if and only if p ≡ 1,3,4,9,11,12,13,16,17,27,29,33 (mod 35) and
(
−35

p

)
= −1 if and only if p ≡

2,6,8,18,19,22,23,24,26,31,32,34 (mod 35). Hence we have proved the statement true. ■

Lemma 1.6.31: Suppose p is a prime such that p ̸= 2,3, then(
−36

p

)
=

{
1 if p ≡ 1 (mod 4)
−1 if p ≡ 3 (mod 4)
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Value of
(
−35

p

) (
[p]5, [p]7

) Resulting
p (mod 35)

1

(
1, 1

)
1(

1, 2
)

16(
1, 4

)
11(

4, 1
)

29(
4, 2

)
9(

4, 4
)

4(
2, 3

)
17(

2, 5
)

12(
2, 6

)
27(

3, 3
)

3(
3, 5

)
33(

3, 6
)

13

−1

(
1, 3

)
31(

1, 5
)

26(
1, 6

)
6(

4, 3
)

24(
4, 5

)
19(

4, 6
)

34(
2, 1

)
22(

2, 2
)

2(
2, 4

)
32(

3, 1
)

8(
3, 2

)
23(

3, 4
)

18

Table 5: all possible scenarios that result in a value for
(
−35

p

)
Proof: Suppose that p is a prime such that p ̸= 2,3. By the multiplicative property of the Legendre symbol

and Lemma 1.6.18 we have(
−36

p

)
=

(
−1
p

)(
2
p

)2(3
p

)2

=

(
−1
p

)
=

{
1 if p ≡ 1 (mod 4)
−1 if p ≡ 3 (mod 4)

Which proves the statement. ■

Lemma 1.6.32: Suppose p is a prime such that p ̸= 2,3,11. Then(
−99

p

)
=

{
1 if p ≡ 1,3,4,5,9 (mod 11)
−1 if p ≡ 2,6,7,8,10 (mod 11)

Proof: Suppose p is a prime such that p ̸= 2,3,11. Then by the multiplicative property of the Legendre
symbol and Lemma 1.6.27 we have(

−99
p

)
=

(
−11

p

)(
3
p

)2

=

(
−11

p

)
=

{
1 if p ≡ 1,3,4,5,9 (mod 11)
−1 if p ≡ 2,6,7,8,10 (mod 11)
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This proves our statement. ■

Lemma 1.6.33: Let Ea and E ′
a be elliptic curves defined over a field k such that j(Ea) = j(E ′

a) = a and
Ea ̸= E ′

a. Additionally, let Eb and E ′
b be elliptic curves defined over k such that j(Eb) = j(E ′

b) = b.
Suppose that there exist isogenies

φ : Ea → Eb and ψ : E ′
a → E ′

b

such that φ and ψ are defined over k. Then φ is equivalent to ψ over a superfield L ⊇ k if and only if
there exist group isomorphism defined over L

η : Ea → E ′
a

such that
η(ker(φ)) = ker(ψ)

Proof: Suppose that φ and ψ are equivalent over L. By definition this implies that there exists isomorphisms
defined over L

ηa : Ea → E ′
a and ηb : Eb → E ′

b

such that
ψ ◦ηa = ηb ◦φ

Since (we are generally working with separable isogenies) we know that ψ ◦ηa and ηb ◦φ are deter-
mined by their kernels. Hence we know that φ is equivalent to ψ over L if and only if ker(ψ ◦ηa) =
ker(ηb ◦φ). Hence we have the following:

ker(ψ ◦ηa) = ker(ηb ◦φ){
P ∈ Ea : ψ ◦ηa(P) =OE ′

b

}
=
{

P ∈ Ea : ηb ◦φ(P) =OE ′
b

}
{P ∈ Ea : ηa(P) ∈ ker(ψ)}=

{
P ∈ Ea : φ(P) =OE ′

b

}
{P ∈ Ea : ηa(P) ∈ ker(ψ)}= ker(φ)

Hence, by the fact that ηa is an isomorphism we know that the last equality holds if and only if

ker(ψ) = ηa(ker(φ))

Thus proving the statement. ■

Lemma 1.6.34: Let p ≡ 2 (mod 3). Then the following elliptic curves defined over Fp

u0 : y2 = x3 +1

w0 : y2 = x3 −3

are elliptic curves with j invariant 0 and they are not isomorphic to each other over Fp, but are
isomorphic to each other over Fp2 via the isomorphism η such that (x,y) 7→ (u2x,u3y) where u is a
sixth root of −3 in Fp2 .
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Proof: Suppose p ≡ 2 (mod 3). By using the formula for the j invariant we have:

j(u0) = 1728 · 4(0)3

4(0)3 +27(1)2 = 0 = 1728 · 4(0)3

4(0)3 +27(−3)2 = j(w0)

Define Fp2 such that Fp2 ≃ Fp[t]/t2 + t +1. Note that t2 + t +1 is an irreducible polynomial in Fp[t] due
to the fact that

t2 + t +1 = 0 ⇔ t =
−1±

√
−3

2

Hence we know that t ∈ Fp if and only if
(
−3
p

)
= 1. Note that(

−3
p

)
=

(
−1
p

)(
3
p

)
= (−1)

p−1
2

(
3
p

)
(by Euler’s Criterion)

= (−1)
p−1

2

(
(−1)

p−1
2 · 3−1

2

( p
3

))
(by quadratic reciprocity)

=
( p

3

)
=

{
1 if p ≡ 1 (mod 3)
−1 if p ≡ 2 (mod 3)

Hence we know that t ∈ Fp if and only if p ≡ 1 (mod 3), which we know not to be the case by our
supposition of p ≡ 2 (mod 3). Consider the isomorphism η such that (x,y) 7→ (u2x,u3y) where u is
an element of Fp2 . We see that y2 = x3−3 7→ u6 ·y2 = u6 ·x3−3 ⇔ y2 = x3− 3

u6 . Since we know (x,y)

satisfies y2 = x3 +1, we must have − 3
u6 = 1 ⇔−3 = u6 ⇔−3 =

(
u3
)2. However, we know that -3 is

not a square in this case, and hence we know that η is not defined over Fp, and hence u0 and w0 are
non-isomorphic elliptic curves over Fp. ■

Note that since p > 3 we know that there are exactly six isomorphisms between two elliptic curves of j
invariant 0.

Lemma 1.6.35: Let ζ3 be the primitive third root of unity. Table 6 lists all isomorphisms of the form
η : u0 → w0 defined over Fp2 :

Proof: Note that in this section we have supposed the p ≡ 2 (mod 3). Hence we know 3|(p+ 1). Further
note that we previously defined Fp2 as Fp[t]/t2 + t +1. With this definition, we have the following:

(2t +1)2 = 4t2 +4t +1

= 4t2 +4t +4−4+1

= 4
(
t2 + t +1

)
−3

=−3

Hence we know that
√
−3 = 2t + 1 ∈ Fp2 . Recall that the cube root of any element exists in Fp and

Fp2 . The only difference that could exist is the potential for there to be multiple cube roots of a single

Taha Hedayat Page 57



Taha Hedayat The Spine of Supersingular Ell Isogeny graphs

Name Input Output

η0,1 (x,y)
(
− 3
√

3x,
√
−3y

)
η0,2 (x,y)

(
− 3
√

3x,−
√
−3y

)
η0,3 (x,y)

(
− 3
√

3ζ3x,
√
−3y

)
η0,4 (x,y)

(
− 3
√

3ζ3x,−
√
−3y

)
η0,5 (x,y)

(
− 3
√

3ζ 2
3 x,

√
−3y

)
η0,6 (x,y)

(
− 3
√

3ζ 2
3 x,−

√
−3y

)
Table 6: Isomorphisms of the form η0,i : u0 → w0 defined over Fp2 .

item. This difference depends solely on the existence of the primitive cube root of unity. In this
situation, since 3|(p+1), (p+1)|(p2−1), and (p2+1) =

∣∣∣F×
p2

∣∣∣, we know that the primitive cube root
of unity exists in Fp2 . Putting these conclusions together we see that

T :=
{
± 3
√√

−3,± 3
√√

−3 ·ζ3,±
3
√√

−3 ·ζ 2
3

}
⊆ F×

p2

Hence for every u ∈ T , we know that the map (x,y) 7→
(
u2x,u3y

)
is an isomorphism. We know that

an isomorphism which sends (x,y) 7→
(
u2x,u3y

)
goes from y2 = x3 +Ax+B to y2 = x3 +Au4x+Bu6.

Hence we know that for each u ∈ T , the implied isomorphism is going from u0 to w0. Explicitly
calculating u2 and u3 for each u ∈ T yields the result presented in Table 6. Lastly, since these are all
distinct isomorphisms and there are 6 of them, we know that these are the only isomorphisms between
the two elliptic curves. ■

Lemma 1.6.36: Let p ≡ 3 (mod 4). The two curves defined over Fp:

u1728 : y2 = x3 + x,

w1728 : y2 = x3 − x

both have j-invariant 1728 and are not isomorphic over Fp, but are isomorphic over Fp2 . The explicit
isomorphism η : u1728 → w1728 is given by (x,y) 7→ (u2x,u3y), where u is a primitive 4-th root of unity
in Fp2 .

Proof: The j-invariants can be computed using the general formula for curves in short Weierstrass form
y2 = x3 +Ax+B:

j = 1728
4A3

4A3 +27B2 .

Isomorphisms between curves in short Weierstrass form must be of the form (x,y) 7→ (u2x,u3y), for
some u in the field of definition of the isomorphism. An isomorphism η : u1728 → w1728, η(x,y) =
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(u2x,u3y) must then satisfy:

(u3y)2 = (u2x)3 − (u2x)

u6y2 = u6x3 −u2x

y2 = x3 − (1/u4)x

since (x,y) satisfies y2 = x3+x, we can conclude that u must be such that −(1/u4) = 1, or equivalently
u4 =−1. Since p ≡ 3 (mod 4), we know u2 =−1 has no solution in Fp, which implies that u4 =−1
has no solution in Fp. This establishes that the curves are not isomorphic over Fp. To show that they
are isomorphic over Fp2 , we first fix Fp2 = Fp[s]/(s2 +1). The field Fp2 contains a primitive 4-th root
of unity (i.e., an element x such that x4 = 1 and xk ̸= 1 for any 1 ≤ k < 4), because the group F×

p2 of
invertible elements is cyclic and of order p2 −1. Since p ≡ 3 (mod 4), 4 | (p+1) | (p2 −1) and so if
y is a generator of F×

p2 , then y(p2−1)/4 is an element of exact order 4. ■

Lemma 1.6.37: The 3-torsion subgroups of u0 : y2 = x3 +1 are

⟨(0,1)⟩= {(0,1),(0,−1),Ou0}〈(
− 3
√

4,
√
−3
)〉

=
{(

− 3
√

4,
√
−3
)
,
(
− 3
√

4,−
√
−3
)
,Ou0

}
〈(

1+
√
−3

3
√

2
,
√
−3
)〉

=

{(
1+

√
−3

3
√

2
,
√
−3
)
,

(
1+

√
−3

3
√

2
,−

√
−3
)
,Ou0

}
〈(

1−
√
−3

3
√

2
,
√
−3
)〉

=

{(
1−

√
−3

3
√

2
,
√
−3
)
,

(
1−

√
−3

3
√

2
,−

√
−3
)
,Ou0

}
Proof: By a quick computation, we see that the third division polynomial of u0 is

3x(x3 +4)

We know that roots of x3 +4 to be 3
√
−4, however, there are three elements in Q that are cube roots of

−4. By some simple complex analysis, we have

3
√
−4 =

{
3
√

4exp
(

i
π

3

)
exp
(

i
2kπ

3

)
: k = 0,1,2

}
=

{
3
√

4exp
(

i
π

3

)
,

3
√

4exp(iπ), 3
√

4exp
(

i
5π

3

)}
=

{
−2

2
3 ,2

2
3

(
1
2
+ i

√
3

2

)
,2

2
3

(
1
2
− i

√
3

2

)}

Now instead of working over Q we are working over Fp hence technically we have i
√

3 representing√
−3. Due to this, we have

3
√
−4 =

{
−2

2
3 ,2

2
3

(
1
2
+

√
−3
2

)
,2

2
3

(
1
2
−

√
−3
2

)}
=
{
−2

2
3 ,2

2
3

(
2−1 +(−3)

1
2 ·2−1

)
,2

2
3

(
2−1 − (−3)

1
2 ·2−1

)
,
}

=
{
−2

2
3 ,2

−1
3 +(−3)

1
2 ·2

−1
3 ,2

−1
3 − (−3)

1
2 ·2

−1
3

}
=

{
− 3
√

4,
1+

√
−3

3
√

2
,
1−

√
−3

3
√

2

}
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Hence we know that x = 0,− 3
√

4, 1+
√
−3

3√2
, 1−

√
−3

3√2
will result in a point of u0 that has order 3. Note that

y2 = (0)3 +1 ⇔ y2 = 1 ⇔ y =±1

Let a = − 3
√

4, 1+
√
−3

3√2
, 1−

√
−3

3√2
. Since for any value a takes, it is a cube root of −4 we know that

a3 =−4. Hence we have

y2 = a3 +1 ⇔ y2 =−4+1 ⇔ y2 =−3 ⇔ y =±
√
−3

Thus the points{
(0,1),(0,−1),

(
− 3
√

4,
√
−3
)
,
(
− 3
√

4,−
√
−3
)
,

(
1+

√
−3

3
√

2
,
√
−3
)
,(

1+
√
−3

3
√

2
,−

√
−3
)
,

(
1−

√
−3

3
√

2
,
√
−3
)
,

(
1−

√
−3

3
√

2
,−

√
−3
)}

have order 3 in u0.

Now we wish to find the subgroups of u0 of order 3. We know that they must be generated by the
points above. We also know that for every element its negative must be in the group as well. For
elliptic curve points, that means that if (x,y) is in our subgroup, then so is (x,−y). Thus we realize
the four subgroups of u0 of order 3 to be

⟨(0,1)⟩= {(0,1),(0,−1),Ou0}〈(
− 3
√

4,
√
−3
)〉

=
{(

− 3
√

4,
√
−3
)
,
(
− 3
√

4,−
√
−3
)
,Ou0

}
〈(

1+
√
−3

3
√

2
,
√
−3
)〉

=

{(
1+

√
−3

3
√

2
,
√
−3
)
,

(
1+

√
−3

3
√

2
,−

√
−3
)
,Ou0

}
〈(

1−
√
−3

3
√

2
,
√
−3
)〉

=

{(
1−

√
−3

3
√

2
,
√
−3
)
,

(
1−

√
−3

3
√

2
,−

√
−3
)
,Ou0

}
■

Lemma 1.6.38: The 3-torsion subgroups of w0 : y2 = x3 −3 are〈(
0,
√
−3
)〉

=
{(

0,
√
−3
)
,
(

0,−
√
−3
)
,Ow0

}
〈(

3
√

12,3
)〉

= {
(

3
√

12,3
)
,
(

3
√

12,−3
)
,Ow0}〈(

− 3
√

3+ 3
√

3
√
−3

3
√

2
,3

)〉
=

{(
− 3
√

3+ 3
√

3
√
−3

3
√

2
,3

)
,

(
− 3
√

3+ 3
√

3
√
−3

3
√

2
,−3

)
,Ow0

}
〈(

− 3
√

3− 3
√

3
√
−3

3
√

2
,3

)〉
=

{(
− 3
√

3− 3
√

3
√
−3

3
√

2
,3

)
,

(
− 3
√

3− 3
√

3
√
−3

3
√

2
,−3

)
,Ow0

}
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Proof: By a quick computation, we see that the third division polynomial of w0 is

3x(x3 −12)

We know the roots of this polynomial to be x = 0 and x = 3
√

12. Similar to the previous case, we first
find the cube roots using complex analysis, then switch back into Fp:

3
√

12 =

{
3
√

12 · exp
(

i
2kπ

3

)
: k = 0,1,2

}
=

{
3
√

12, 3
√

12exp
(

i
2π

3

)
,

3
√

12exp
(

i
4π

3

)}
=

{
3
√

12, 3
√

12

(
−1

2
+ i

√
3

2

)
,

3
√

12

(
−1

2
− i

√
3

2

)}
=
{

3
√

12,2
2
3 3

1
3

(
−2−1 +2−1(−3)

1
2

)
,2

2
3 3

1
3

(
−2−1 −2−1(−3)

1
2

)}
=
{

3
√

12,−2
−1
3 3

1]
3 +2

−1
3 3

1
3 (−3)

1
2 ,−2

−1
3 3

1]
3 −2

−1
3 3

1
3 (−3)

1
2

}
=

{
3
√

12,
− 3
√

3+ 3
√

3
√
−3

3
√

2
,
− 3
√

3− 3
√

3
√
−3

3
√

2

}

Hence we know that the values x = 0, 3
√

12, −
3√3+ 3√3

√
−3

3√2
, −

3√3− 3√3
√
−3

3√2
will result in a point of w0

having order 3.

Note that when x= 0, we have y2 =(0)3−3=−3. Hence we know that the points
(
0,
√
−3
)
,
(
0,−

√
−3
)

are on w0 and they have order 3.

Furthermore, note that for x = 3
√

12, −
3√3+ 3√3

√
−3

3√2
, −

3√3− 3√3
√
−3

3√2
, the value of x3 is always 12 by defi-

nition. Hence we know that for all of them, y2 = x3 − 3 = 12− 3 = 9. Hence the points (x,±3) is a
point on w0 with order 3.

Thus we conclude that the points of order 3 on w0 are{(
0,
√
−3
)
,
(

0,−
√
−3
)
,
(

3
√

12,3
)
,
(

3
√

12,−3
)
,

(
− 3
√

3+ 3
√

3
√
−3

3
√

2
,3

)
,(

− 3
√

3+ 3
√

3
√
−3

3
√

2
,−3

)
,

(
− 3
√

3− 3
√

3
√
−3

3
√

2
,3

)
,

(
− 3
√

3− 3
√

3
√
−3

3
√

2
,−3

)}

We know that the subgroups of order three must be generated by the points above. We also know that
for an element in a subgroup, its negative is also in the subgroup. For elliptic curves this means that if
(x,y) is in the subgroup, then so is (x,−y). Hence we know that the subgroups of order 3 of w0 are〈(

0,
√
−3
)〉

=
{(

0,
√
−3
)
,
(

0,−
√
−3
)
,Ow0

}
〈(

3
√

12,3
)〉

= {
(

3
√

12,3
)
,
(

3
√

12,−3
)
,Ow0}〈(

− 3
√

3+ 3
√

3
√
−3

3
√

2
,3

)〉
=

{(
− 3
√

3+ 3
√

3
√
−3

3
√

2
,3

)
,

(
− 3
√

3+ 3
√

3
√
−3

3
√

2
,−3

)
,Ow0

}
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〈(
− 3
√

3− 3
√

3
√
−3

3
√

2
,3

)〉
=

{(
− 3
√

3− 3
√

3
√
−3

3
√

2
,3

)
,

(
− 3
√

3− 3
√

3
√
−3

3
√

2
,−3

)
,Ow0

}
■

Recall that we know an isogeny is defined over Fp if the Frobenius endomorphism preserves the kernel.
Further recall that the Frobenius map permutes the roots of an irreducible quadratic polynomial. As a result
we know that the isogenies generated by ⟨(0,1)⟩,

〈(
− 3
√

4,
√
−3
)〉

,
〈(

0,
√
−3
)〉

,
〈(

3
√

12,3
)〉

are the only
isogenies defined over Fp. Note that Table 7 describes the isogenies generated by these kernels:

Name Domain Codomain Kernel

φ3,1 u0 w0 ⟨(0,1)⟩

φ3,2 u0 u−12288000

〈(
− 3
√

4,
√
−3
)〉

ψ3,1 w0 u0
〈(

0,
√
−3
)〉

ψ3,2 w0 w−12288000

〈(
3
√

12,3
)〉

Table 7: Description of the isogenies of degree 3 with domain u0 and w0 defined over Fp by the use of Velu’s
formula.

Lemma 1.6.39: φ3,1 is equivalent to ψ3,1 over Fp2 .

Proof: Note the following:

η0,1⟨(0,1)⟩= ⟨η0,1(0,1)⟩

=
〈(

− 3
√

3 ·0,
√
−3 ·1

)〉
=
〈(

0,
√
−3
)〉

Hence we can realize that

η0,1(ker(φ3,1)) = η0,1⟨(0,1)⟩=
〈(

0,
√
−3
)〉

= ker(ψ3,1)

Thus by Lemma 1.6.33, we conclude that φ3,1 is equivalent to ψ3,1 which proves the statement. ■

Lemma 1.6.40: ψ3,2 is equivalent to ψ3,2 over Fp2 .

Proof: Note the following:

η0,2

〈(
− 3
√

4,
√
−3
)〉

=
〈

η0,2

(
− 3
√

4,
√
−3
)〉

=
〈((

− 3
√

3
)(

− 3
√

4
)
,
(
−
√
−3
)(√

−3
))〉

=
〈(

3
√

12,3
)〉
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Hence we can realize that

η0,2(ker(φ3,2)) = η0,2

〈(
− 3
√

4,
√
−3
)〉

=
〈(

3
√

12,3
)〉

= ker(ψ3,2)

Thus by Lemma 1.6.33, we conclude that φ3,2 is equivalent to ψ3,2 which proves the statement. ■

Theorem 1.6.41: All isogenies that leave an elliptic curve with j-invariant of 0 in G3(Fp) fold.

Proof: The statement follows by Lemma 1.6.39 and Lemma 1.6.40. ■

Lemma 1.6.42: The 3-torsion subgroups of u1728 : y2 = x3 + x are〈√
3+1√
2 4
√

3
,

2
1
4
(√

3−1
) 1

2

3
3
8

〉=


√

3+1√
2 4
√

3
,

2
1
4
(√

3−1
) 1

2

3
3
8

,

√
3+1√
2 4
√

3
,−

2
1
4
(√

3−1
) 1

2

3
3
8

,Ou1728


〈−

√
3+1√
2 4
√

3
, i

2
1
4
(√

3−1
) 1

2

3
3
8

〉=


−

√
3+1√
2 4
√

3
, i

2
1
4
(√

3−1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,−i

2
1
4
(√

3−1
) 1

2

3
3
8

,Ou1728


〈 i

(√
3+1

)
√

2 4
√

3
,

i
3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

〉=


 i
(√

3+1
)

√
2 4
√

3
,

i
3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

 i
(√

3+1
)

√
2 4
√

3
,−

i
3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,Ou1728


〈−

i
(√

3+1
)

√
2 4
√

3
,

i
1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

〉=


−

i
(√

3+1
)

√
2 4
√

3
,

i
1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

−
i
(√

3+1
)

√
2 4
√

3
,−

i
1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,Ou1728


Proof: Via a quick computation, we can find that the third division polynomial of u1728 is

3x4 +6x2 −1
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We can find the roots by:

3x4 +6x2 −1 = 3
(
x2)2

+6
(
x2)−1 = 0

⇒ x2 =
−6±

√
36−4(3)(−1)
2(3)

x2 =
−6±

√
48

6

x2 =
−6±4

√
3

6

x2 =
−3±2

√
3

3

x =±

√
−3±2

√
3

3

x =
±
√

−3±2
√

3√
3

x =


±
√

−3+2
√

3√
3

±
√

−3−2
√

3√
3

x =


±

4√3
√

−
√

3+2√
3

± i 4√3
√√

3+2√
3

x =


±

4√3

√(√
3−1√

2

)2

√
3

±
i 4√3

√(√
3+1√

2

)2

√
3

x =


±

√
3−1√
2 4√3

± i(
√

3+1)√
2 4√3
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Hence we can find the y values in the following cases:

y2 =

(
±
√

3−1√
2 4
√

3

)3

+

(
±
√

3−1√
2 4
√

3

)

=±

((√
3−1

)3

2
3
2 ·3 3

4
+

(√
3−1

)
2

1
2 ·3 1

4

)

=±
√

3−1

2
1
2 ·3 1

4

((√
3−1

)2

2
√

3
+1

)

=±
√

3−1

2
1
2 ·3 1

4

(
4−2

√
3

2
√

3
+1

)

=±
√

3−1

2
1
2 ·3 1

4

(
2√
3

)
=±

2
1
2
(√

3−1
)

3
3
4

⇒ y =


±2

1
4 (

√
3−1)

1
2

3
3
8

±i
2

1
4 (

√
3−1)

1
2

3
3
8

In the other case we have:

y2 =

(
±

i
(√

3+1
)

√
2 4
√

3

)3

+

(
±

i
(√

3+1
)

√
2 4
√

3

)

=±

(
i3
(√

3+1
)3

2
3
2 ·3 3

4
+

i
(√

3+1
)

2
1
2 ·3 1

4

)

=±
i
(√

3+1
)

2
1
2 ·3 1

4

(
i2
(√

3+1
)2

2
√

3
+1

)

=±
i
(√

3+1
)

2
1
2 ·3 1

4

(
−4−2

√
3

2
√

3
+1

)

=±
i
(√

3+1
)

2
1
2 3

1
4

(
−2
·
√

3
)

=±
−i

√
2
(√

3+1
)

3
3
4

⇒ y =


±

i
3
2 ·2

1
4 ·
(

3
1
2 +1

) 1
2

3
3
8

±
i

1
2 ·2

1
4 ·
(

3
1
2 +1

) 1
2

3
3
8
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Thus we conclude that the points of order 3 of u1728 are:
√

3+1√
2 4
√

3
,
2

1
4
(√

3−1
) 1

2

3
3
8

,

√
3+1√
2 4
√

3
,−

2
1
4
(√

3−1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
, i

2
1
4
(√

3−1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,−i

2
1
4
(√

3−1
) 1

2

3
3
8

,

 i
(√

3+1
)

√
2 4
√

3
,
i

3
2 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

 i
(√

3+1
)

√
2 4
√

3
,−

i
3
2 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

−
i
(√

3+1
)

√
2 4
√

3
,
i

1
2 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

−
i
(√

3+1
)

√
2 4
√

3
,−

i
1
2 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8




Now, since we know that every subgroup of order 3 in u1728 is generated by one of the above, and we
also know that if (x,y) is in our subgroup, then so is (x,−y), we conclude that the following are the
subgroups of order 3 in u1728:〈√

3+1√
2 4
√

3
,

2
1
4
(√

3−1
) 1

2

3
3
8

〉=


√

3+1√
2 4
√

3
,

2
1
4
(√

3−1
) 1

2

3
3
8

,

√
3+1√
2 4
√

3
,−

2
1
4
(√

3−1
) 1

2

3
3
8

,Ou1728


〈−

√
3+1√
2 4
√

3
, i

2
1
4
(√

3−1
) 1

2

3
3
8

〉=


−

√
3+1√
2 4
√

3
, i

2
1
4
(√

3−1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,−i

2
1
4
(√

3−1
) 1

2

3
3
8

,Ou1728


〈 i

(√
3+1

)
√

2 4
√

3
,

i
3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

〉=


 i
(√

3+1
)

√
2 4
√

3
,

i
3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

 i
(√

3+1
)

√
2 4
√

3
,−

i
3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,Ou1728


〈−

i
(√

3+1
)

√
2 4
√

3
,

i
1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

〉=


−

i
(√

3+1
)

√
2 4
√

3
,

i
1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,

−
i
(√

3+1
)

√
2 4
√

3
,−

i
1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

,Ou1728


■

Lemma 1.6.43: The outgoing isogenies of u1728 do not fold.

Proof: If we would like to find out which of the following subgroups are defined over Fp, we have to apply
the Frobenius endomorphism to the points. Recall that the Frobenius endomorphism permutes the
roots of irreducible quadratics and fixes the roots of elements in Fp. Note that for any y in any of the
subgroups, yp since the y values were found via a quadratic. Further note that since p ≡ 3 (mod 4) we
know that

(
−1
p

)
=−1, which implies that i /∈ Fp. Hence we know that

±
i
(√

3+1
)

√
2 4
√

3
/∈ Fp
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And hence we know that frobenius switches the two values ± i(
√

3+1)√
2 4√3

which lie in different subgroups.
Hence we know that the subgroups

〈 i
(√

3+1
)

√
2 4
√

3
,
i

3
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

〉 and

〈−
i
(√

3+1
)

√
2 4
√

3
,
i

1
4 ·2 1

4 ·
(

3
1
2 +1

) 1
2

3
3
8

〉

Are not the kernels of isogenies defined over Fp.

Now, suppose that p ≡ 2 (mod 3)⇔
(−p

3

)
= 1, which by Theorem 1.4.4 implies that there are iso-

genies defined over Fp. In this case we have p ≡ 11 (mod 12) we know that
√

3, 4
√

3, and
√

2 are
defined over Fp. Hence we know that Frobenius fixes the values

±
√

3+1√
2 4
√

3

As a result we conclude that if p ≡ 11 (mod 12), then the isogenies with kernels〈√
3+1√
2 4
√

3
,
2

1
4
(√

3−1
) 1

2

3
3
8

〉 and

〈−
√

3+1√
2 4
√

3
, i

2
1
4
(√

3−1
) 1

2

3
3
8

〉

are defined over Fp.

We know by [Arp+23] that the codomains of these isogenies have the same j-invariant (1728 partakes
in vertex attachment). Hence By the definition of equivalence, we know that these two isogenies
cannot be equivalent over Fp. Hence we know that the isogenies going out of u1728 do not fold. ■

Lemma 1.6.44: The 3-torsion subgroups of w1728 : y2 = x3 − x are〈√
3+1√
2 4
√

3
,

2
1
4 ·
(√

3+1
) 1

2

3
3
8

〉=


√

3+1√
2 4
√

3
,

2
1
4 ·
(√

3+1
) 1

2

3
3
8

,

√
3+1√
2 4
√

3
,−

2
1
4 ·
(√

3+1
) 1

2

3
3
8

,Ow1728


〈−

√
3+1√
2 4
√

3
,

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

〉=


−

√
3+1√
2 4
√

3
,

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,−

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

,Ow1728

〈i

√
3−1√
2 4
√

3
,

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

〉=


i

√
3−1√
2 4
√

3
,

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

i

√
3−1√
2 4
√

3
,−

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,Ow1728

〈−i

√
3−1√
2 4
√

3
,

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

〉=


−i

√
3−1√
2 4
√

3
,

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

−i

√
3−1√
2 4
√

3
,−

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,Ow1728


Proof: Via a quick computation, we can find that the third division polynomial of w1728 is

3x4 −6x2 −1

We can find the roots by:
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3x4 −6x2 −1 = 0

x2 =
6±
√

36−4(3)(−1)
2(3)

x2 =
3±2

√
3

3

x2 =

√
3±2√

3

x =


±
√√

3+2
4√3

±
√√

3−2
4√3

x =


±

√(√
3+1√

2

)2

4√3

±

√(
i
√

3−1√
2

)2

4√3

x =


±

√
3+1√
2 4√3

±i
√

3−1√
2 4√3

Hence since we have y2 = x3 − x = x(x2 −1), we can find the y values as:

y2 =±
√

3+1√
2 4
√

3

(
(
√

3+1)2

2
√

3
−1

)

y2 =±
√

3+1√
2 4
√

3

(
4+2

√
3

2
√

3
−1

)

y2 =±
√

3+1√
2 4
√

3

(
2√
3

)
y2 =±

√
2
(√

3+1
)

3
3
4

y =


±2

1
4 ·(

√
3+1)

1
2

3
3
8

± i·2
1
4 ·(

√
3+1)

1
2

3
3
8
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And in the other case:

y2 =±i

√
3−1√
2 4
√

3

(
(i(

√
3−1))2

2
√

3
−1

)

y2 =±i

√
3−1√
2 4
√

3

(
−4+2

√
3

2
√

3
−1

)

y2 =±i

√
3−1√
2 4
√

3

(
−2√

3

)
y2 =±i

√
2(
√

3−1)

3
3
4

y =


± i

3
2 ·2

1
4 ·(

√
3−1)

1
2

3
3
8

± i
1
2 ·2

1
4 ·(

√
3−1)

1
2

3
3
8

Hence we can see that the points of order three in w1728 are:
√

3+1√
2 4
√

3
,
2

1
4 ·
(√

3+1
) 1

2

3
3
8

,

√
3+1√
2 4
√

3
,−

2
1
4 ·
(√

3+1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,
i ·2 1

4 ·
(√

3+1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,−

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

,

i

√
3−1√
2 4
√

3
,
i

3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

i

√
3−1√
2 4
√

3
,−

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

−i

√
3−1√
2 4
√

3
,
i

1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

−i

√
3−1√
2 4
√

3
,−

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8


By the same reasoning in the u1728 case we realize that the subgroups of order 3 of w1728 are〈√

3+1√
2 4
√

3
,

2
1
4 ·
(√

3+1
) 1

2

3
3
8

〉=


√

3+1√
2 4
√

3
,

2
1
4 ·
(√

3+1
) 1

2

3
3
8

,

√
3+1√
2 4
√

3
,−

2
1
4 ·
(√

3+1
) 1

2

3
3
8

,Ow1728


〈−

√
3+1√
2 4
√

3
,

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

〉=


−

√
3+1√
2 4
√

3
,

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

,

−
√

3+1√
2 4
√

3
,−

i ·2 1
4 ·
(√

3+1
) 1

2

3
3
8

,Ow1728

〈i

√
3−1√
2 4
√

3
,

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

〉=


i

√
3−1√
2 4
√

3
,

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

i

√
3−1√
2 4
√

3
,−

i
3
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,Ow1728

〈−i

√
3−1√
2 4
√

3
,

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

〉=


−i

√
3−1√
2 4
√

3
,

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,

−i

√
3−1√
2 4
√

3
,−

i
1
2 ·2 1

4 ·
(√

3−1
) 1

2

3
3
8

,Ow1728


■

Lemma 1.6.45: The outgoing isogenies of w1728 do not fold.
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Proof: By the same reasoning provided in the u1728 we conclude that the outgoing isogenies defined over
Fp of w1728 are the ones with kernels〈√

3+1√
2 4
√

3
,
2

1
4 ·
(√

3+1
) 1

2

3
3
8

〉 and

〈−
√

3+1√
2 4
√

3
,
i ·2 1

4 ·
(√

3+1
) 1

2

3
3
8

〉

Additionally, these isogenies are not equivalent over Fp, and thus they do not fold. ■

Theorem 1.6.46: The edge e ∈ E(G3(Fp)) does not fold nor stack if and only if e is of the form (1728, j) for
some j ∈ Fp.

Proof: We know by [Arp+23, Lemma 3.10] that any isogeny that is not leaving an elliptic curve with j-
invariant with value 0 or 1728 must fold or stack. Hence We know that if an isogeny does not fold
or stack it must be leaving an elliptic curve with j-invariant 0 or 1728. By Theorem 1.6.41 that the
ougoing isogenies of u0 and w0 fold. Additionally by Lemma 1.6.43 and Lemma 1.6.45 we know
that the outgoing isogenies of u1728 and w1728 do not fold. This proves the statement. ■

Lemma 1.6.47: H20(x) has a supersingular root in Fp if and only if p = 5,13,17 or p ≡ 11,19 (mod 20)

Proof: First let us find out when H20(x) has a root in Fp, then when it has a supersingular root.

Fp root: Suppose H20(x) = 0 ⇔ x2 −1264000x−681472000 = 0. By the quadratic formula, we have

x = 632000±282880
√

5

Hence we know that x is a root in Fp if and only if p|282880 or
(

5
p

)
= 1.

Case 1: Suppose p|282880 ⇔ p|
(
28 ·5 ·13 ·17

)
⇔ p = 2,5,13,17. However, since we have sup-

posed p > 3 we exclude 2. Thus we know that H20(x) has a root in Fp if p = 5,13,17.

Case 2: Suppose
(

5
p

)
= 1. By Lemma 1.6.20 we know that

(
5
p

)
= 1 ⇔ p ≡ 1,4 (mod 5). Hence

we know that H20(x) has a root in Fp if p ≡ 1,4 (mod 5).

Putting our results together we conclude that H20(x) has a root in Fp if and only if p = 5,13,17
or p ≡ 1,4 (mod 5).

Supersingular roots: Recall that we know H20(x) has a supersingular root if and only if
(
−20

p

)
= −1. By Lemma

1.6.28 we know that for an odd prime not equal to 5
(
−20

p

)
=−1 if and only if p≡ 11,13,17,19 (mod 20).

Thus we conclude that H20(x) has a supersingular root if and only if p ≡ 11,13,17,19 (mod 20).

Thus we know that H20(x) has a supersingular root in Fp if and only if p= 5,13,17 or p≡ 1,4 (mod 5),
and p ≡ 11,13,17,19 (mod 20). Note that p = 13,17 satisfy the supersingularity condition. Further
note that H20(x) has a root of 0 in Fp and we know 0 to be supersingular when p = 5. Hence we know
that H20(x) does have a supersingular root in Fp if p = 5,13,17. Now, suppose p ̸= 5,13,17, p ≡
1,4 (mod 5), and p ≡ 11,13,17,19 (mod 20). Note that since 5|20, we know that if p ≡ α (mod 20),
then α ≡ 1,4 (mod 5) must be true. However, this holds for p ≡ 11,19 (mod 20), but does not not
hold for p ≡ 13,17 (mod 20).

Thus we conclude that H20(x) has a supersingular root in Fp if and only if p = 13,17 or p ≡
11,19 (mod 20). Thus we have proved the statement. ■
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Lemma 1.6.48: H32(x) has a supersingular root in Fp if and only if p = 5,13,29 or p ≡ 7 (mod 8).

Proof: First let us show when H23(x) has a root in Fp, then when it has a supersingular root.

Fp root: Consider H32(x) = 0 ⇔ x2 − 52250000x+ 12167000000 = 0. By the quadratic formula this
results in

x = 26125000±18473000
√

2

Hence we know that x is a value in Fp if and only if p|18473000 or
(

2
p

)
= 1.

Case 1: Suppose that p|18473000 ⇔ p|
(
23 ·53 ·72 ·13 ·29

)
⇔ p = 2,5,7,13,29. Since we suppose

p > 3 we exclude p = 2. Hence we know that H32(x) has a root in Fp if p = 5,7,13,29.

Case 2: Suppose
(

2
p

)
= 1. By Lemma 1.6.25 we know that for an odd prime

(
2
p

)
= 1 ⇔ p ≡

1,7 (mod 8). Hence we know that H32(x) has a root in Fp if p ≡ 1,7 (mod 8).

Thus we conclude that H32(x) has a root in Fp if and only if p = 5,13,29 or p ≡ 7 (mod 8).

Supersingular root: Recall that we know H32(x) has a supersingular root if and only if
(
−32

p

)
=−1. Hence we know

by Lemma 1.6.29 that
(
−32

p

)
=−1 if and only if p ≡ 5,7 (mod 8). Hence we know that H32(x)

has a supersingular root if and only if p ≡ 5,7 (mod 8)

Combining our condition for H32(x) having a root in Fp and a root in Fp and a supersingular root, we
find that H32(x) has a supersingular root in Fp if and only if p = 5,13,29 or p ≡ 7 (mod 8). Hence
we have proved the statement. ■

Lemma 1.6.49: H35(x) has a supersingular root in Fp if and only if p= 5,7,23 or p≡ 6,19,24,26,31,34 (mod 35)

Proof: Let us first find out when H35(x) has a root in Fp, then find when H35(x) has a supersingular root.

Fp root: Suppose H35(x) = 0 ⇔ x2 + 117964800x− 134217728000 = 0. By the quadratic formula we
arrive at the value

x =−58982400±26378240
√

5

Hence we know that x is a root in Fp if and only if p|26378240 or
(

5
p

)
= 1.

Case 1: Suppose p|26378240 ⇔ p|
(
215 ·5 ·7 ·23

)
⇔ p = 2,5,7,23. By our supposition that p > 3

we exclude 2. Hence we know that H35(x) has a root in Fp if p = 5,7,23.

Case 2: Suppose
(

5
p

)
= 1. By Lemma 1.6.20 we know that this supposition is true if and only if

p ≡ 1,4 (mod 5).

Putting our cases together, we conclude that H35(x) has a supersingular root if and only if p =
5,7,23 or p ≡ 1,4 (mod 5)

Supersingular root: Recall that H35(x) has a supersingular root if and only if
(
−35

p

)
= −1. By Lemma 1.6.30

we know that for a prime p such that p ̸= 2,5,7,
(
−35

p

)
= −1 if and only if p ≡ 2,6,8,18,

19,22,23,24,26,31,32,34 (mod 35). Thus we conclude that H35(x) has a supersingular root if
and only if p ≡ 2,6,8,18,19,22,23,24,26,31,32,34 (mod 35).

Taha Hedayat Page 71



Taha Hedayat The Spine of Supersingular Ell Isogeny graphs

Putting the conditions together we see that H35(x) has a supersingular root in Fp if and only if p =
5,7,23 or p ≡ 1,4 (mod 5) and p ≡ 2,6,8,18,19,22,23,24,26,31,32,34 (mod 35) for p ̸= 5,7. In
F5, H35(x) = x2 which has a supersingular root 0, and in F7, H35(x) = (x−6)2 which has supersingular
root 6. On the other hand if p = 23, then we see that the condition for a root in Fp and the condition
for supersingular root are satisfied, hence we have a supersingular root in Fp when p = 23. Now
suppose p ̸= 5,7,23. Note that 5|35, hence we know that if p ≡ α (mod 35) then α ≡ 1,4 (mod 5).
However, p ≡ 2,8,18,22,32 (mod 35) fail this condition.

Hence we conclude that H35(x) has a supersingular root in Fp if and only if p = 5,7,23 or p ≡ 6,19,
24,26,31,34 (mod 35) which proves the statement. ■

Lemma 1.6.50: Let p > 3 be a prime. Then

(a) H20(x) has a supersingular root of Value

i. 0 if and only if p = 5,11,
ii. 1728 if and only if p = 11,19,

iii. 8000 if and only if p = 5,13,31,
iv. -32768 if and only if p = 11,13,17,19,
v. 54000 if and only if p = 5,11,17,59.

(b) H32(x) has a supersingular root of Value

i. 0 if and only if p = 5,23,
ii. 1728 if and only if p = 7,23,31,

iii. 8000 if and only if p = 5,7,13,
iv. -32768 if and only if p = 7,13,29,79,
v. 54000 if and only if p = 5,29,47,71.

(c) H35(x) has a supersingular root of Value

i. 0 if and only if p = 5,
ii. 1728 if and only if p = 7,19,31,

iii. 8000 if and only if p = 5,7,23,61,
iv. -32768 if and only if p = 7,19,
v. 54000 if and only if p = 5,23,41,89,101.

(d) H20(x) and H32(x) share at least one root in Fp if and only if p = 5,13,79,151.

(e) H20(x) and H35(x) share at least one root in Fp if and only if p = 5,19,31,139.

(f) H32(x) and H35(x) share at least one root in Fp if and only if p = 5,7,31,199,271.

(g) H20(x), H32(x), and H35(x) share at least one root in Fp if and only if p = 5

Proof: Note that for statements (a), (b), and (c) we simply have to plug in the appropriate value x0 ∈
{0,1728,8000,−32768,54000} into each Hilbert Class Polynomial Hr(x) for r ∈ {20,32,35}, then
see which primes p divide Hr(x0) while excluding p = 2,3. These steps are shown in Table 8.

We can see that the values in the 5-th column of Table 8 match the ones stated within the lemma,
hence we know that sections (a), (b), and (c) are proved. Thus let us prove the remaining sections.
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Hr(x) x0 Hr(x0) Hr(x0) factored Valid p

H20(x)

0 −681472000 −1 ·212 ·53 ·113 5,11

1728 −2862678016 −1 ·216 ·112 ·192 11,19

8000 −10729472000 −1 ·214 ·53 ·132 ·31 5,13,31

−32768 41811021824 212 ·11 ·132 ·172 ·19 11,13,17,19

54000 −66021472000 −1 ·28 ·53 ·112 ·172 ·59 5,11,17,59

H32(x)

0 12167000000 26 ·56 ·233 5,23

1728 −78118014016 −1 ·26 ·74 ·232 ·312 7,23,31

8000 −405769000000 −1 ·26 ·56 ·74 ·132 5,7,13

−32768 1725368741824 26 ·74 ·132 ·292 ·79 7,13,29,79

54000 −2806417000000 −1 ·26 ·56 ·292 ·47 ·71 5,29,47,71

H35(x)

0 −134217728000 −1 ·230 ·53 5

1728 69628432384 212 ·72 ·192 ·312 7,19,31

8000 809564672000 212 ·53 ·72 ·232 ·61 5,7,23,61

−32768 −3998614552576 −1 ·232 ·72 ·19 7,19

54000 6238797472000 28 ·53 ·232 ·41 ·89 ·101 5,23,41,89,101

Table 8: Finding when H20(x), H32(x), and H35(x) have special roots.

(d): Suppose we have the following system of equations:{
0 = H20(x)
0 = H32(x)

⇐⇒

{
0 = x2 −1264000x−681472000
0 = x2 −52250000x+12167000000

By the quadratic formula we have{
x = 632000±282880

√
5

x = 26125000±18473000
√

2
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Hence we have the following:

26125000±18473000
√

2 = 632000±282880
√

5

±18473000
√

2 =−25493000±282880
√

5

682503458000000 = 650293154472000±14422919680000
√

5

32210303528000 =±14422919680000
√

5

1037503653365889246784000000 = 1040103060478656512000000000

0 = 2599407112767265216000000

0 = 212 ·56 ·134 ·31 ·372 ·532 ·79 ·151

Looking at our original system of equations modulo 5, 13, 31, 37, 53, 79, and 151, we see that
they all result in at least one solution, but p = 5,13,79, and 151 are the only primes which result
in a shared root in Fp. This proves this section of the lemma.

(e): Suppose we have the following system of equations:{
0 = H20(x)
0 = H35(x)

⇐⇒

{
0 = x2 −1264000x−681472000
0 = x2 +117964800x−134217728000

By the quadratic formula we have{
x = 632000±282880

√
5

x =−58982400±26378240
√

5

Hence we have the following:

⇔ 632000±282880
√

5 =−58982400±26378240
√

5

⇔ 59614400±282880
√

5 =±26378240
√

5

⇔


59614400+282880

√
5 = 26378240

√
5

59614400+282880
√

5 =−26378240
√

5
59614400−282880

√
5 = 26378240

√
5

59614400−282880
√

5 =−26378240
√

5

⇔


59614400 = 26095360

√
5

59614400 =−26661120
√

5
59614400 = 26661120

√
5

59614400 =−26095360
√

5

⇔

{
59614400 =±26095360

√
5

59614400 =±26661120
√

5

⇔

{
3553876687360000 = 3404839067648000
3553876687360000 = 3554076598272000

⇔

{
0 = 149037619712000
0 = 199910912000

⇔

{
0 = 212 ·53 ·193 ·31 ·372

0 = 212 ·53 ·532 ·139
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Checking the original system of equations for p = 5,19,31,37,53, and 139, we see that all of
these cases result in H20(x) and H35(x) sharing at least one root, however, p = 5,19,31, and 139
result in the system having at least one solution in Fp.

(f): Suppose we have the following system of equations:{
0 = H32(x)
0 = H35(x)

⇐⇒

{
0 = x2 −52250000x+12167000000
0 = x2 +117964800x−134217728000

By the quadratic formula we have{
x = 26125000±18473000

√
2

x = 632000±282880
√

5

Hence we have the following:

26125000±18473000
√

2 = 632000±282880
√

5

85107400±18473000
√

2 =±282880
√

5

7925772992760000+3144378000400000
√

2 = 3479057727488000

3144378000400000
√

2 =−4446715265272000

19774226018799004800320000000000 = 19773276650403033329233984000000

0 = 949368395971471086016000000

0 = 212 ·56 ·74 ·313 ·372 ·532 ·199 ·271

Checking the original system of equations for p = 5,7,31,37,53,199, and 271, we see that all
of these cases result in H32(x) and H35(x) sharing at least one root, however, p = 5,7,31,199,
and 271 result in the system having at least one solution in Fp.

(g): Using the results in cases (d), (e), and (f), we see that the only potential time that all three H20(x),
H32(x), H35(x) share a root is when p = 5, and this results in all three equations being x2 which
implies that they all have the same root.

Hence we see that we have covered every case of this lemma. Thus the lemma is proved true. ■

Lemma 1.6.51: Suppose ℓ= 3 and p > 3. The following holds true:

(a) if p = 5,7,13, then 8000 has exactly four loops in S
p
ℓ

(b) if p = 31,61, then 8000 has a new edge to a distinct vertex and two new loops in S
p
ℓ

(c) if p≡ 5,7 (mod 8) and p ̸= 5,7,13,31,61, then 8000 has two new loops and no other new edges.

Proof: Suppose that Ω implies a new edge (8000, j) when Γ(G3(Fp)), p > 3, is inputted. then either

1. j = 0

2. j = 1728

3. (8000, j) is a multi-edge
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This follows from Theorem 1.6.5. Let us explore when each case happens. To be able to do so, we
need to recall that

Φ3(8000,x) = (x−8000)2(x2 −377674768000x+232381513792000000
)

For convenience sake, let A(x) = x2 −377674768000x+232381513792000000

Case 1: Suppose that there exists an edge of the form (8000,0) in S
p
3 . By the definition of the modular

polynomial, we know that this implies Φ3(8000,0) = 0. By this we we know that either (800−
0) = 8000 = 0 or A(0) = 0.

Case 1.1 Suppose 8000 = 0, this is only possible if and only if p|8000 ⇔ p|
(
26 ·53

)
⇔ p = 2,5.

However, by our supposition that p > 3 we conclude that (8000,0) is an edge in this case if
and only if p = 5.

Case 1.2 Suppose A(0) = 0 ⇔ 232381513792000000 = 0. This is only possible if and only if
p|232381513792000000 ⇔ p|

(
212 ·56 ·293 ·533

)
⇔ p = 2,5,29,53. Similar to the last

case, our supposition that p > 3 implies that (8000,0) is an edge in this case if and only if
p = 5,29,53

Hence (8000,0) is an edge in S
p
3 if and only if p = 5,29,53. Computing G3(Fp), S

p
3 and

comparing the two graphs, we see that for p = 29 and 53, the edge (8000,0) is not new. Hence
p = 5 is the only case where there is a new edge of the form (8000,0). In computing S

p
3 we also

see that this new edge is a loop, resulting in there existing 4 loops on 8000.

Case 2: Suppose that there exists an edge of the (8000,1728) in S
p
3 . By definition of the modular poly-

nomial, we know that this implies Φ3(8000,1728) = 0. By this we know that either (8000−
1728) = 0 ⇔ 6272 = 0 or A(1728) = 0.

Case 2.1 Suppose 6272 = 0. This is only possible if and only if p|6272 ⇔ p|
(
27 ·72

)
⇔ p = 2,7.

Similar to previous cases, we exclude p = 2 and are left with only p = 7.
Case 2.2 Suppose A(1728) = 0 ⇔ 231728891795881984 = 0. We know that this is possible if and

only if p|231728891795881984⇔ p|
(
214 ·74 ·232 ·472 ·712

)
⇔ p= 2,7,23,47,71. Again,

we exclude p = 2 and are left with p = 7,23,47,71.

Hence (8000,1728) is an edge in S
p
3 if and only if p = 7,23,47,71. Computing G3(Fp), S

p
3 ,

and comparing the two graphs, we see that for p = 23,47,71 the edge (8000,1728) is not a
new edge. Hence p = 7 is the only case where there is a new edge of the form (8000,1728).
Furthermore, in our calculations, we see that this edge is a loop, resulting in 4 loops on 8000.

Case 3: Suppose (8000, j) is a multi edge. This implies that Φ3(8000, j) has a root of multiplicity 2. By
the structure of Φ3(8000, j) this means that either j = 8000 or A(x) is a square. Note that when
j = 8000, then the edge (8000, j) is a loop. Now, let us consider the other case. Note that

A(x) = 0 ⇔ x = 188837384000±77092288000
√

6

Hence we know that A(x) is a square if and only if p|77092288000 or p|
√

6. In the first
case p|77092288000 ⇔ p|

(
29 ·53 ·72 ·13 ·31 ·61

)
⇔ p = 2,5,7,13,31,61. In the second case

p|sqrt6 ⇔ p|6 ⇔ p|(2 ·3)⇔ p = 2,3. Hence we know that there is a multi-edge between 8000
and j if j = 8000 or p = 5,7,13,31,61, since p > 3. By computing G3(Fp), S

p
3 , and comparing

the two graphs, we see that all of these p values result in a new edge. Furthermore, the edges
in the case p = 5,7,13 are new loops (resulting in 4 loops on 8000), whereas the edges for
p = 31,61 are new edges to distinct vertices.
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Thus we see that if p = 5,7,13 then 8000 has 4 loops in S
p
3 , if 8000 is supersingular and p ̸=

5,7,13,31,61, then 8000 has exactly two loops and no new edges, and if p = 31,61, then 8000
has a new (double) edge to a distinct vertex. ■

Lemma 1.6.52: Θ always adds a new edge incident to 0 when inputted Γ(G3(Fp)), so long as 0 is super-
singular. However, this new edge is also incident to a vertex 0 was adjacent to in Γ(G3(Fp)).

Proof: Note that
Φ3(0,x) = x(x+12288000)3

However, we know by Theorem 1.4.4 that u0 is either incident to no edges or to 2 out-edges. Hence
we know that there must be a new edge added by Θ, so long as 0 is supersingular.

Recall that we know the edge (u0,w0) is defined over Fp hence we know that 0 has a loop in
Γ(G3(Fp)). Furthermore, we know that there are edges (u0,u−12288000) and (w0,w−12288000) in G3(Fp)
when 0 is supersingular. Thus we know that there is an edge of the form (0,−12288000) in Γ(G3(Fp)).
Note that if Θ were to add an edge incident to 0, then that edge must also be incident to 0 (forming a
loop), or −12288000. However, since these edges already exist in Γ(G3(Fp)) we know that the edge
Θ is adding is incident to a vertex which 0 was already adjacent to in Γ(G3(Fp)). Thus prooving the
statement. ■

Lemma 1.6.53: 1728 is incident to a new edge if and only if p = 7,19,31.

Proof: Suppose p ≡ 2 (mod 3). In this case, we know that
(−p

3

)
= 1 and hence there are edges in G3(Fp).

Note that by Theorem 1.4.4 we know that +du1728(G3(Fp)) = +dw1728(G3(Fp)) = 2. Furthermore, we
know that the out-edges of 1728 do not fold by Theorem 1.6.46, hence we know that +d1728(Γ(G3(Fp)))=
4. Which is the maximum out-degree of any vertex in G3(Fp). Hence we know that no new edges can
be added by Θ that are incident to 1728.

On the other hand, suppose now that p ≡ 1 (mod 3). In this case, we know that
(−p

3

)
= −1 and

hence there are no edges in G3(Fp) by Theorem 1.4.4. Thus, if there are any supersingular roots of
Φ3(1728,x) that are in Fp, then 1728 has a new edge induced by Θ. Note that

Φ3(1728,x) = (x2 −153542016x−1790957481984)2

Let A(x) = x2 − 153542016x− 1790957481984. We would like to know when A(x) has roots in Fp

that are supersingular. Let us find out when each happens.

Fp roots: Suppose A(x) = 0. By the quadratic formula we arrive at a solution

x = 76771008±44330496
√

3

Hence we know that x is a value in Fp if and only if p|44330496 or
(

3
p

)
= 1.

Case 1: Suppose p|44330496 ⇔ p|
(
29 ·3 ·72 ·19 ·31

)
⇔ p = 2,3,7,19,31. From our supposition

that p > 3 we exclude p = 2,3. Hence we know A(x) has a root in Fp if p = 7,19,31.

Case 2: Suppose
(

3
p

)
= 1. By Lemma 1.6.19 we know that

(
3
p

)
= 1 if and only if p≡ 1,11 (mod 12).
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Putting the two cases together we see that A(x) has a root in Fp if and only if p = 7,19,31 or
p ≡ 1,11 (mod 12). Additionally, adding our supposition that p ≡ 1 (mod 3) we in fact get rid
of p ≡ 11 (mod 12). Thus we conclude that in this case A(x) has a root in Fp if and only if
p ≡ 1 (mod 12) or p = 7,19,31.

Supersingular root: Note that if A(x) = H36(x) which we know to have a supersingular root if and only if
(
−36

p

)
=

−1. By Lemma 1.6.31 we know that
(
−36

p

)
= −1 if and only if p ≡ 3 (mod 4). Combining

this condition with our supposition that p ≡ 1 (mod 3), we see that 1728 has a new edge if
p ≡ 7 (mod 12).

Putting our two conditions together we see that A(x) has a supersingular root in Fp if and only if
p ≡ 7 (mod 12), and p ≡ 1 (mod 12) or p = 7,19,31. This is only possible if p = 7,19,31. Hence
these are the only times that A(x) has a supersingular root in Fp while

(−p
3

)
=−1.

Thus we conclude that the only time 1728 is incident to a new edge is when p = 7,19,31. ■

Lemma 1.6.54: Suppose ℓ= 3 and p > 3. Then the following hold true:

(a) If p = 7,13, then −32768 has 4 new loops added by Ω,

(b) If p = 11, then −32768 has 2 loops that are not new and two out-edges to distinct vertices that
are also not new.

(c) If p = 19,79, then −32768 has two new loops and a new edge to a distinct vertex.

(d) If p ≡ 2,6,7,8,10 (mod 11) and p ̸= 7,13,19,79, then −32768 has exactly two new loops and
no other new edges.

Proof: Suppose ℓ = 3 and p > 3. Note that if (−32768, j) is a new edge then we know that one of the
following must hold:

1. j = 0,

2. j = 1728,

3. (−32768, j) is a multi-edge.

Before we explore each case, notice that

Φ3(−32768,x) = (x+32768)2(x2 +37616060956672x−56171326053810176)

Let A(X) = x2 +37616060956672x−56171326053810176 for convenience sake.

Case 1: Suppose Φ3(−32768,0) = 0. Then we know that 32768 = 0 or A(0) = 0.

Case 1.1: Suppose 32768 = 0. We know that this is only possible if and only if p|32769 ⇔ p|
(
215
)
⇔

p = 2. We know this to be a contradiction to our supposition of p > 3, hence we know that
this case cannot happen.

Case 1.2: Suppose A(0)= 0⇔−56171326053810176= 0⇔ p|56171326053810176⇔ p|
(
233 ·113 ·172

)
⇔ p = 2,11,17. By our supposition p > 3 we exclude p = 2. Hence we know that A(x) = 0
if and only if p = 11,17 17 has new loops. By computing G3(Fp), S

p
3 and comparing the

two graphs for p = 11,17 we see that p = 11 results in −32768 having two loops and two
out-edges in S

p
2 , however, none of these are new edges. On the other hand p = 17 results in

−32768 having two new loops added to it by Ω.
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Thus we conclude that there are no cases where (−32768,0) is a new edge. However, we do
know that when p = 11, −32768 has two loops in S

p
3 that are not new, and two out-edges to 0

that are also not new. Furthermore, we know that when p = 17, −32768 has two new loops in
S

p
3 , and an edge to 0 that is not new.

Case 2: Suppose Φ3(−32768,1728)= 0. Then we know that 1728+32768= 34496= 0 or A(1728)= 0.

Case 2.1: Suppose 34496 = 0. We know this to be true if and only if p|34496 ⇔ p|
(
26 ·72 ·11

)
⇔

p = 2,7,11. Similar to previous cases, we exclude p = 2. Thus we know that there is an
edge of the form (−32768,1728) if p = 7,11. By computing G3(Fp), S

p
3 and comparing

the two graphs for p = 7,11, we see that p = 7 is the only case that has a new edge of the
form (−32768,1728). This new edge is a double-loop.

Case 2.2: Suppose A(1728) = 0 ⇔ p|8829227282305024 ⇔ p|
(
212 ·74 ·194 ·832

)
⇔ p = 2,7,19,83.

Again, we exclude p = 2. We already know that p = 7 results in two new loops. By
computing G3(Fp), S

p
3 , and comparing the two graphs for p= 19,83, we see that for p= 19

results in −32768 getting two new loops and two new edges to a distinct vertex by Ω.
Furthermore, we see that for p = 83, −32768 gets two new loops and is incident to two
distinct vertices via edges that are not new.

Thus we conclude that (−32768,1728) is a new edge if and only if p = 7,19. Otherwise, we
know that for p = 11,83 the edge (−32768,1728) is not new, but we know that for p = 83,
−32768 gets two new loops.

Case 3: Suppose (−32768, j) is a multi-edge. By this supposition, we know that Φ3(−32768,x) has a
root of multiplicity 2. By the structure of Φ3(−32768,x) which we provided before, we see that
Φ3(−32768,x) has a root of multiplicity 2 if and only if (x+32768) has a supersingular root in
Fp or A(x) has a supersingular root in Fp of multiplicity 2. Let us explore each case.

Case 3.1: We wish to find when (x+32768) has a supersingular root in Fp. (x+32768) always has a
root in Fp, which has a value −32768, however, we need to find out when this value is su-
persingular. Note that (x+32768) = H11(x), and we know when a Hilbert class polynomial
has a supersingular root. Hence we know that (x+ 32768) has a supersingular root if and
only if

(
−11

p

)
= −1. By Lemma 1.6.27 we conclude that for an odd prime p not equal to

11, (x+32768) has a supersingular root in Fp if and only if p ≡ 2,6,7,8,10 (mod 11). For
the case where p = 11 we see that (x+32768) = (x+10) which has a root of 1. In the case
where p = 11 we know 1 to be supersingular. Hence we know that this is an additional case
where (x+32768) has a supersingular root in Fp.

Case 3.2: In this case we wish to find when A(x) has a supersingular root in Fp of multiplicity 2.
Supersingular root: Note that A(x) = H99(x). Hence we know that A(x) has a supersingular root if and only

if
(
−99

p

)
= −1. By Lemma 1.6.32 we know that for an odd prime p not equal to 11,

A(x) has a supersingular root if and only if p ≡ 2,6,7,8,10 (mod 11). For when p = 11
we can explicitly see that A(x) = x2 in F11, and we know 0 to be supersingular in this
case.

Fp root (mult. 2): Consider A(x) = 0. By the quadratic formula, we get

x =−18808030478336±3274057859072
√

33

Note that A(x) has a root in Fp of multiplicity 2 if and only if p|3274057859072 or
p|
√

33. The latter case results in p= 3,11, and since we have suppose p> 3 we exclude
3, and hence p = 11 is a valid case. In Former case we have p|3274057859072 ⇔
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p|
(
214 ·72 ·11 ·13 ·192 ·79

)
⇔ p = 2,7,11,13,19,79. Similar to the previous case we

exclude p = 2. Hence we know that A(x) has a root in Fp of multiplicity 2 if and only
if p = 7,11,13,19,79.

Putting the two conditions together we see that A(x) has a supersingular root in Fp of multiplicity
2 if and only if p= 7,11,13,19,79 or p≡ 2,6,7,8,10 (mod 11). Note that −32768 always has at
least two loops, as seen from the structure of Φ3(−32768,x). Hence the only new edges that are
incident to distinct edges come from Case 3.2. However, for p= 7,13, we know that there is only
one vertex by Theorem 1.6.7, and hence the edges implied by this case are loops. In other words,
for p = 7,13, −32768 has four loops. In the case where p = 11, 1728 =−32768, and hence we
know that the edges +E−32768(G3(Fp)) do not fold by Theorem 1.6.46, and hence the implied
multi-edge is not a new edge implemented by Θ. Thus the only cases left are p = 19,79, and
by computing G3(Fp), S

p
3 and comparing the two graphs we see that indeed, when p = 19,79,

−32768 becomes incident to a new edge which going to a distinct vertex.

Note that we have shown that for p = 7,13, −32768 becomes incident to four new loops. When
p = 11 no new edges are added to −32768 even though S

p
ℓ has two loops on −32768. Furthermore,

we have shown that when p = 19,79, then −32768 is incident to a new edge going to a distinct vertex
and two new loops. Lastly, we have shown that when p = 17,83 or p ≡ 2,6,7,8,10 (mod 11), which
is equivalent to p ≡ 2,6,7,8,10 (mod 11), then −32768 gets two new loops, and no new outgoing
edges which go to distinct vertices. Thus we have proved the statement. ■

Definition 1.6.55: For the rest of this section let us use the following notation for these special polynomials

R3,1(x) = x

R3,2(x) = x−8000

R3,3(x) = x−1728

R3,4(x) = x+32768

R3,5(x) = x2 −52250000x+12167000000

R3,6(x) = x2 −1264000x−681472000

R3,7(x) = x2 +117964800x−134217728000

The reason that these polynomials are special is due to the fact that

Res3(x) =−27
7

∏
n=1

(R3,n(x))
2

Corollary 1.6.56: The following statements stand true:

(a) If R3,1(x) has a supersingular root in Fp that becomes incident to a new edge by Θ, then this new
edge will be incident to a distinct vertex.

(b) If R3,1(x) has a supersingular root in Fp, then the root is not incident to an edge which results in
an edge attachment.

Proof: Note that the root of R3,1 is 0. Let us go through the proof of each section:

(a) This is proved in Lemma 1.6.52 by using the structure of Φ3(0,x).
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(b) This follows from the fact that Lemma 1.6.52 tells us that if e = (0, j) is a new edge in S
p
3 ,

then (0, j) is a distinct edge that exists in Gℓ(Fp), and hence this new edge is not connecting any
vertices that were not already connected. Thus, no edge attachment.

■

Corollary 1.6.57: R3,2(x) has a supersingular root in Fp which results in an edge attachment if and only if
p = 31,61.

Proof: Note that the root of R3,2(x) is 8000. We know by Lemma 1.6.51 that 8000 becomes incident to a
new edge which is not a loop only when p = 31,61. Now, if we compute G3(Fp), S

p
3 , and compare

these two graphs for p = 31,61, we see that these new edges are in fact edge attachments. ■

Corollary 1.6.58: R3,3(x) has a root which results in an edge attachment if and only if p = 19,31.

Proof: Note that the root of R3,3(x) is 1728. By Lemma 1.6.53 we know that 1728 is incident to a new edge
if and only if p = 7,19,31. However, we know by Theorem 1.6.7 that there is only one vertex when
p = 7, hence edge attachment cannot take place. We can easily check that when p = 19,31, 1728
becomes adjacent to a distinct vertex. This proves the statement. ■

Corollary 1.6.59: R3,4(x) has a supersingular root in Fp which results in an edge attachment if and only if
p = 19,79.

Proof: Note that the root of R3,4(x) is −32768. By Lemma 1.6.54 we know that −32768 becomes incident
to a new non-loop edge if and only if p = 19,79. By computing G3(Fp), S

p
3 , and comparing the two

graphs for p = 19,79 we see that this new edge is in fact an edge-attaching edge. ■

Corollary 1.6.60: The following statements stand true:

(a) R3,5(x) has a supersingular root in Fp if and only if p ≡ 7 (mod 8) or p = 5,13,29.

(b) R3,5(x) has a supersingular root in Fp, and all of its roots are incident to a new edge (not neces-
sarily the same edge) if and only if p ≡ 7 (mod 8) such that p ̸= 23 or p = 5,13,29.

(c) R3,5(x) has a supersingular root in Fp, all of its roots become incident to a new edge (not
necessarily the same edge), and this edge is not a loop if and only if p ≡ 7 (mod 8) and p ̸=
7,23,47,71,79

Proof: Let us prove each statement one at a time:

(a) Note that R3,5(x) = H32(x). Hence by Lemma 1.6.48 we know that R3,5(x) has a supersingular
root in Fp if and only if p = 5,13,29 or p ≡ 7 (mod 8). This proves the statement.

(b) Suppose R3,5(x) has a supersingular root in Fp, however, the root is not incident to a new edge in
S

p
3 . Let j be such a root. Note that since j is a root of R3,5(x) we know that j is a root of Res3(x),

and hence we know that j is incident to an out-multi-edge. By our supposition, it is assumed
that this multi-edge exists in Γ(G3(Fp)). However, the only time there can be an out-multi-edge
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in Γ(G3(Fp)) is when this multi-edge existed in Gℓ(Fp) or j = 1728 since out-edges of 1728
does not result in folding by Theorem 1.6.46. In the former case, we know by Theorem 1.4.5
that the only graph which has a multi-edge and has ℓ= 3 is G3(F11), however, p = 11 does not
result in R3,2(x) having a supersingular root. In the latter case, if we suppose 1728 is a root of
R3,5(x), then we have R3,5(1728) = 0 ⇔ p = 2,7,23,31 by Lemma 1.6.50(b.ii). By the proof of
Lemma 1.6.53 we know that if p ≡ 7 (mod 12) then 1728 is incident to a new edge. Thus that
only leaves us with p = 23. Thus we know that the only time R3,5(x) has a supersingular root in
Fp but the root is not incident to a new vertex is when p = 23, and a quick computation confirms
this.

(c) Suppose p ≡ 7 (mod 8) such that p ̸= 23 or p = 5,13,29. In this case we know that R3,5(x) has
a supersingular root in Fp. Now, suppose that this root has a loop. By factoring

Φ3(x,x) = (−1) · x · (x−54000) · (x−8000)2 · (x+32768)2

we realize that the root has to be 0,54000,8000, or −32768. By Lemma 1.6.50(b) we know
that one of these can only happen if and only if p = 5,7,13,23,29,47,71, or 79. Taking into
consideration our supposed restrictions on p we see that p = 5,7,29,47,71,79 are the only
possible primes that result in R3,5(x) having a root that could be incident to a loop. Hence if we
exclude these primes, we know that the root of R3,5 will not have a root which could be incident
to a loop.

■

Corollary 1.6.61: The following statements stand true:

(a) R3,6(x) has a supersingular root in Fp if and only if p ≡ 11,19 (mod 20) or p = 5,13,17.

(b) R3,6(x) has a supersingular root in Fp, and all its roots are incident to a new edge (not necessarily
the same edge) if and only if p ≡ 11,19 (mod 20) such that p ̸= 11,19 or p = 5,13,17.

(c) R3,6(x) has a supersingular root in Fp, all of its roots are incident to a new edge (not necessarily
the same edge) and this new edge is not a loop if and only if p ≡ 11,19 (mod 20) such that
p ̸= 11,19,31,59.

Proof: Let us prove each statement one at a time.

(a) Note that R3,6(x) = H20(x). Hence by Lemma 1.6.47 we know that R3,6(x) has a supersingular
root in Fp if and only if p = 5,13,17 or p = 11,19 (mod 20). Hence we have proved this
statement.

(b) Suppose that R3,6(x) has root x0 such that this edge is not incident to a new edge. Since R3,6(x)
is a factor of Res3(x) we know that x0 is incident to a multi-edge, however, by assumption, this
edge cannot be new. Thus we know that x is incident to a multi-edge in Γ(G3(Fp)). We know
by Table 2 and Theorem 1.6.46 that there is a multi-edge in Γ(G3(Fp)) if and only if p = 11 or
1728 is supersingular and the multi-edge is leaving 1728. Note that p = 11 does result in R3,6(x)
having a supersingular root by (a), hence we know that the root of R3,6(x) could be incident to a
multi-edge that is not new in this case. On the other hand, R3,6(x) needs to have a root of 1728
to be able to be incident to an out-going multi-edge. BY Lemma 1.6.50(a) we know that R3,6(x)
has a root of 1728 if and only if p = 11,19, and we know that when p = 11,19, R3,6(x) has a
supersingular root in Fp. Hence we know that the only times R3,6(x) has a supersingular root in
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Fp that is not incident to a new edge is when p = 11,19. Thus we conclude that if p ̸= 11,19
and R3,6(x) has a supersingular root in Fp then the root will be incident to a new edge. Hence
we have proved the statement.

(c) Recall that as shown in the proof of Corollary 1.6.60 (c) we know that the only vertices in S
p
3

that are incident to a loop are 0,54000,8000, and −32768. By Lemma 1.6.50 we know that
R2,6(x) has one of 0,54000,8000, or −32768 as a root if and only if p = 5,11,13,17,19,31,59.
Hence if we exclude these prime values we know that the if R3,6(x) still has a supersingular root
in Fp and this root is incident to a new edge then the root cannot be incident to a loop. Hence
we have proved the statement.

Note that we have proved each individual statement in this corollary. Hence we have proved the
corollary. ■

Corollary 1.6.62: The following statements stand true:

(a) R3,7(x) has a supersingular root in Fp if and only if p ≡ 6,19,24,26,31,34 (mod 35) or p =
5,7,23.

(b) R3,7(x) has a supersingular root in Fp, and all its roots are incident to a new edge (not necessarily
the same edge) if and only if p ≡ 6,19,24,26,31,34 (mod 35) such that p ̸= 19,31 or p = 5,23.

(c) R3,7(x) has a supersingular root in Fp, all its roots are incident to a new edge (note necessarily
the same edge), and these edges are not loops if and only if p ≡ 6,19,24,26,31,34 (mod 35)
such that p ̸= 19,31,41,61,89,101.

Proof: Let us each statement one at a time.

(a) Note that R3,7(x) = H35(x). Hence by Lemma 1.6.49 we know that R3,7(x) has a supersingular
root in Fp if and only if p ≡ 6,19,24,26,31,34 (mod 35) or p = 5,7,23. This proves this
statement.

(b) Suppose p ≡ 6,19,24,26,31,34 (mod 35) or p = 5,7,23. By (a) we know that this implies that
R3,7(x) has a supersingular root in Fp. Further suppose that the root of R3,7(x) is not incident
to a new edge. Let x0 be such a root. Note that since x0 is a root of R3,7(x), by definition we
know that x0 is a root of Res3(x). Hence we know that x0 is incident to a multi-edge in S

p
3 ,

however, this multi-edge is not new. Thus we know that x0 has to be incident to a multi-edge
in Γ(G3(Fp)). By Table 2 and Theorem 1.6.46 we know that the only multi edges possible are
when p = 11 or when x0 = 1728. However, note that p = 11 does not satisfy the necessary
conditions for R3,7(x) to have a supersingular root in Fp, and hence this case is not possible. On
the other hand if we suppose that 1728 is a root of R3,7(x) then by Lemma 1.6.50(c) we know
that this is possible if and only if p = 7,19,31. Hence if we exclude these primes, then we know
that the root of R3,5(x) must be incident to a new edge. Thus we have proved the statement.

(c) Suppose p ≡ 6,19,24,26,31,34 (mod 35) such that p ̸= 19,31 or p = 5,23.. By (a) we know
that this implies that R3,7(x) has a supersingular root in Fp. Further suppose that the root of
R3,7(x) is incident to a loop. We know by the proof of Corollary 1.6.60(c) that the only vertices
in S

p
3 that have loops are are 0,54000,8000, and −32768. By Lemma 1.6.50(c) we know that

R3,7(x) has one of 0,54000,8000, or −32768 as a root if and only if p= 5,7,19,23,41,61,89,101.
Note if we exclude these prime values then we know that if R3,7(x) has a root, then that root can-
not be incident to a loop. This proves the statement.
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■

Lemma 1.6.63: A component of G3(Fp) folds if and only if there exist an edge in G3(Fp)

Proof: (⇒): Suppose a component of G3(Fp) folds. Let U be such a component. We know by Theorem
1.6.11 that this component must either contain 0 or 54000. We know that 0 and 54000 are
supersingular if and only if p ≡ 2 (mod 3). p ≡ 2 (mod 3) is true if and only if

(−p
3

)
= 1. Thus

by Theorem 1.4.4 there are edges in G3(Fp).

(⇐): Suppose there are no edges in G3(Fp). We know by Theorem 1.4.4 that
(−p

3

)
=−1. We know

this to be true if and only if p ≡ 1 (mod 3). As a result we know that 0 and 54000 are not
supersingular. By Theorem 1.6.11 we know that no component can fold in this case.

Hence we have proved the statement. ■

Theorem 1.6.64: This theorem either explicitly gives the structure of ϒ
(
S

p
3

)
or describes what happens to

Gℓ(Fp) as Ω is applied.

(a) for ℓ= 3, a maximum of two components can fold, and either no components become attached
by a vertex or exactly two components become attached by a single vertex.

(b) The following are explicit descriptions of ϒ
(
S

p
3

)
:

ϒ
(
S5

3
)
= •

ϒ
(
S7

3
)
= •

ϒ
(
S11

3
)
= • •

ϒ
(
S13

3
)
= •

ϒ
(
S17

3
)
= • •

ϒ
(
S19

3
)
= • •

ϒ
(
S23

3
)
= • • •

ϒ
(
S29

3
)
= • • •
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ϒ
(
S31

3
)
= • • •

ϒ
(
S37

3
)
= •

ϒ
(
S41

3
)
=

•

• •

•

ϒ
(
S47

3
)
=

•

• • •

•

ϒ
(
S59

3
)
=

• •

• •

• •

ϒ
(
S61

3
)
= • • •

ϒ
(
S71

3
)
=

• •

• • •

• •

ϒ
(
S79

3
)
= • • • • •
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ϒ
(
S89

3
)
=

•

• • • •

•

ϒ
(
S101

3
)
=

• •

• • •

• •

ϒ
(
S139

3
)
= • • • • • •

ϒ
(
S151

3
)
= • • • • • • •

ϒ
(
S199

3
)
= • • • • • • • • •

ϒ
(
S271

3
)
= • • • • • • • • • • •

(c) Suppose p ̸= 5,7,11,13,17,19,23,29,31,41,47,59,61,71,79,89,101,139,151,199,271. In this
case, we will use the following terminology:

• 0 new edges: This implies that if Ω adds any new edges to Gℓ(Fp) then they are loops.
• 1 new edge: This implies that there exists a unique new multi-edge e that was added by Ω,

and this edge is not a loop.
• 2 new edges: This implies that there exist two new multi-edges e1 and e2 that were added

by Ω such that neither e1 nor e2 are loops and they do not share any vertex between them.
• 3 new edges: This implies that there exist three new multi-edges e1,e2, and e3 that were

added by Ω such that none of them are loops and do not share any vertex.

i. There does not exist any value of p such that Sp
3 is made from one component folding, no

vertex attachment happening, and 2 new edges being added.

ii. There does not exist any value of p such that Sp
3 is made from one component folding, no

vertex attachment happening, and 3 new edges being added.
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iii. No folding happens, no vertex attachment happens, and 0 new edges are added iff

p ≡ 1,13,37,43,67,73,97,109,121,157,163,169,187,

193,253,277,283,289,307,313,337,361,373,397,403,421,

433,457,493,517,523,529,541,547,577,589,613,643,667,

673,697,709,733,757,781,787,793,817 (mod 840)

iv. No folding happens, no vertex attachment happens, and 1 new edge is added iff

p ≡ 61,103,127,181,211,223,229,241,247,331,349,

367,379,409,463,481,487,499,571,583,601,607,

649,661,703,727,739,769,823,829 (mod 840)

v. No folding happens, no vertex attachment happens, and 2 new edges are added iff

p ≡ 19,79,139,151,319,451,619,631,691,751,799,811 (mod 840)

vi. No folding happens, no vertex attachment happens, and 3 new edges are added iff

p ≡ 31,199,271,391,439,559 (mod 840)

vii. One component folds, no vertex attachment happens, and 0 new edges are added iff

p ≡ 17,29,53,113,137,149,173,197,221,233,

257,281,293,317,353,377,389,401,437,449,

473,533,557,569,593,617,641,653,677,701,

713,737,773,797,809,821 (mod 840)

viii. One component folds, no vertex attachment happens, and 1 new edge is added iff

p ≡ 41,89,101,209,269,341,461,509,521,629,689,761 (mod 840)

ix. Two components fold, they get attached by a vertex, and 0 new edges are added iff

p ≡ 83,107,227,323,347,443,467,563,587,683,803,827 (mod 840)

x. Two components fold, they get attached by a vertex, and 1 new edge is added iff

p ≡ 11,23,47,143,167,179,263,383,407,491,

503,527,611,647,659,743,767,779 (mod 840)

xi. Two components fold, they get attached by a vertex, and 2 new edges are added iff

p ≡ 59,71,131,191,239,251,299,359,419,431,599,731 (mod 840)

xii. Two components fold, they get attached by a vertex, and 3 new edges are added iff

p ≡ 311,479,551,671,719,839 (mod 840)

xiii. No other edges (other than loops) can be added.
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Proof: Let us go through one by one and prove the statement.

• This follows directly from Theorem 1.6.11 and the description provided.

• We can check these values by a simple computation of the spine.

• Consider Corollory 1.6.56 through Corollory 1.6.62 along with 1.6.11 and the congruence con-
ditions provided by each corollary. Note that we have excluded all primes that get removed in
each corollary, and we have gotten rid of any finite cases in part (b). Hence by using the last
congruence condition of each of those corollaries, we can use CRT to find the above-described
situations based on how many polynomials have roots, and whether or not a component folds or
not.

■
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